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Empirical Risk Minimisation

ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Xi))(Xi ∈ ℝd, yi ∈ ℝ), i = 1,…, n

Ex: linear models

fθ(X) = θ ⋅ XModel:

Loss :ℒ(y, h) L(f(~x), y) = (1� yf(~x))2

L(f(~x), y) =
1

ln 2
ln(1 + e�yf(~x))

Square Loss

Logistic loss/Cross-entropy



ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Xi))

Empirical Risk Minimisation

(Xi ∈ ℝd, yi ∈ ℝ), i = 1,…, n

Model:

Ex: neural networks models

fθ(X) = η(0) (W(0)η(1) (W(1)…η(L) (W(L) ⋅ X)))
θ = {W(0), W(1), …, W(L)}

Loss :ℒ(y, h) L(f(~x), y) = (1� yf(~x))2

L(f(~x), y) =
1

ln 2
ln(1 + e�yf(~x))

Square Loss

Logistic loss/Cross-entropy



Statistical learning 101

{y(μ), ⃗x (μ)}m
μ=1

Supervised Binary classification
• Dataset, m examples
• Function class f ⃗w ∈ ℱ

∀f ⃗w ∈ ℱ, ϵgen( f ⃗w) − ϵm
train( f ⃗w) ≤ ℜm(ℱ) +

log(1/δ)
m

With probability at least 1-δ, 

Theorem: Uniform convergence
Rademacher complexity

Generalization error Train error

ℜm(ℱ) ≤ C
dVC(ℱ)

m
Rademacher Complexity is bounded  
by VC dimension for some constant C

Classical result



Physicists like models

Instead of worst case analysis, we could instead study models of data

credit: XKCD
[P. Carnevali & S. Patarnello  (1987) 
N. Tishby, E. Levin, & S. Solla (1989) 
E. Gardner, B. Derrida (1989)]


Teacher - Student 

Framework



Results on Linear Regressions 
Physics-style
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A simple teacher-student model

[P. Carnevali & S. Patarnello  (1987) 
N. Tishby, E. Levin, & S. Solla (1989) 
E. Gardner, B. Derrida (1989)]


Teacher - Student 

Framework

Simplest version


⭐ Data
⃗x (μ) ∈ ℝd, μ = 1…m

⭐ Labels

PX( ⃗x ) = 𝒩(0,1d){
yμ ≡ sign( ⃗x μ ⋅ ⃗W *)

⃗W* ∼ 𝒩(0,1d){
High-dimensional limit n, d  , 

 with  fixed
→ ∞

α = n/d

Physics literature Rigorous proofs

[…, Opper Kinzel ’90, Kleinz, Seung ‘90,  
Opper, Haussler ’91,  Seung Sompolinsky,  Tishby 
’92, Watkin Rau &  Biehl ’93, Opper, Kinzel ’95,…]

[…., Barbier, FK, Macris, Miolane, Zdeborova ’17 
Trampoulidis, Abbasi, Hassbi ’18 
Montanari, Ruan, Sohn, Yan ’20 
Aubin, FK, Lu, Zdeborova ’20, 
Gerbelot, Abbara, FK ‘20….]



Rigorous solution

[Aubin, FK, Lu, Zdeborova ’20]



L2 loss 

Simplest version


⭐ Data
⃗x (μ) ∈ ℝd, μ = 1…m

⭐ Labels

PX( ⃗x ) = 𝒩(0,1d){
yμ ≡ sign( ⃗x μ ⋅ ⃗W *)

⃗W* ∼ 𝒩(0,1d){
High-dimensional limit n, d  , 

 with  fixed
→ ∞

α = n/d

fθ(X) = θ ⋅ X

ℛ =
1
n

n

∑
i=1

∥yi − θXi∥2
2



L2 loss: what to expect?

α =
n
d

Training error

1

Zero energy  
Solutions No zero energy solution

overparametrized



✓̂ = argmin(||Y �A✓||22)
||Y �A✓||22 = (Y �A✓)T (Y �A✓) = YTY + ✓TATA✓ � 2YTA✓

AT Aθ = ATY

Taking the extremum yields the normal equations:
d x d

d x 1 n x 1

d x n

Unique solution if ATA is full rank  
This requires (at least) n>p  
(no more unknown than datapoints)

̂θ = (AT A)−1ATY

Otherwise, many solutions may exists.  
A popular choice leads  

to the least-norm (in l2 norm) solution:

✓̂ln = AT (AAT )�1Y

Ordinary least square



Least norm solution

α =
n
d1

Zero energy  
Solutions No zero energy solution?

X
X

X X



Least norm solution: “double descent”



Zero energy  
Solutions No zero energy solution?

X
X

X X

Least norm solution: “double descent”

Biasing to low l2 norm solutions is good



What if I do gradient descent? 

Zero energy  
Solutions No zero energy solution?

X
X

X X

Biasing to low l2 norm solutions is good



ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Xi))

Linear models

fθ(X) = θ ⋅ X

θt = θt−1 − η∇θℛ ·θt = − ∇θℛ

Gradient descent Gradient flowθ ∈ ℝd



Representer theorem

✓̂ = argminR(✓)

Proof Rd = span({X}) + null({X})

So we can write:

But:

So we might as well write:

We can always write the minimiser as:

For any loss function such that 

ℛ =
1
n

n

∑
i=1

ℒ(yi, θ ⋅ xi)

̂θ ∈ ℝd Xi ∈ ℝd ∀i

̂θ =
n

∑
i=1

βiXi

̂θ =
n

∑
i=1

βiXi + ⃗𝒩

̂θ ⋅ Xj = (
n

∑
i=1

βiX)i) ⋅ Xj + ⃗𝒩 ⋅ Xj = (
n

∑
i=1

βiX)i) ⋅ Xj

̂θ =
n

∑
i=1

βiXi



ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Xi))

Linear models

fθ(X) = θ ⋅ X

θt = θt−1 − η∇θℛ ·θt = − ∇θℛ

Gradient descent Gradient flowθ ∈ ℝd



ℛ =
1
n

n

∑
i=1

ℒ(yi, fβ(Xi))

Linear models, dual…

fβ(X) =
n

∑
j=1

βjXj ⋅ X

βt = βt−1 − η∇βℛ ·βt = − ∇βℛ

Gradient descent Gradient flowβ ∈ ℝn



A lesson from representer theorem

Rd = span({X}) + null({X})

θ =
n

∑
i=1

βiXi + ⃗𝒩ℛ =
1
n

n

∑
i=1

ℒ(yi, θ ⋅ xi)

If you do gradient descent, is never updated!⃗𝒩

Solution(s): 

1. Use Representer theorem (equivalent to least norm solution) 
2. Initizalize weight close to zero [Saxe, Advani ‘17] 



Least norm solution: non monotonous generalisation



Ridge loss 

Simplest version


⭐ Data
⃗x (μ) ∈ ℝd, μ = 1…m

⭐ Labels

PX( ⃗x ) = 𝒩(0,1d){
yμ ≡ sign( ⃗x μ ⋅ ⃗W *)

⃗W* ∼ 𝒩(0,1d){
High-dimensional limit n, d  , 

 with  fixed
→ ∞

α = n/d

fθ(X) = θ ⋅ X

ℛ =
1
n

n

∑
i=1

∥yi − θXi∥2
2 + λ∥θ∥2

2



Ridge loss 
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[Aubin, Krzakala, Lu, Zdeborova’20]



Cover you Losses!

L(f(~x), y) = (1� yf(~x))2
Square Loss

Hard margin
L(f(~x), y) = 1(yf(~x) > 1)

Hinge loss

L(f(~x), y) = max(0, 1� yf(~x))

Logistic loss/Cross-entropy

L(f(~x), y) =
1

ln 2
ln(1 + e�yf(~x))

f(~x) = ✓ · ~x+ ↵



Which frontier should we choose?

Pushing the boundaries



Pushing the boundaries

Large margin = better generalisation properties!

d



History!



✓ · ~x+ ↵ = 1

✓ · ~x+ ↵� 1

✓ · ~x+ ↵ = 0

Large margin = better generalisation properties!

d

d =
2

||✓||2

Support Vector Machines
L2 regularization and max-margin classification

Hinge Loss

f(~x) = ✓ · ~x+ ↵

L(f(~x), y) = max(0, 1� yf(~x))

Support vectors





Max-margin is good

#datapoints/#dimension

ge
ne

ra
lis

at
io

n 
er

ro
r

Bayes Ridge, λ=0

Max-Margin

α = m/d(with m, d → ∞)

[Aubin, Krzakala, Lu, Zdeborova’20]



Implicit regularization

ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Xi)) + λ∥θ∥2
2

As λ goes to zero, many losses 

give the max-margin solution!

2006



Ex: logistic LOSS



Ex: l2 LOSS



Chasing the Bayes optimal result

0 2 4 6 8 10
Æ

0.0

0.1

0.2

0.3

0.4

0.5

e g

∏=0.001

∏=0.01

∏=0.1

∏=1

∏=10.0

∏=100.0

∏=0 Max-margin

Bayes

0.0 2.5 5.0 7.5 10.0
0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

em
a
p

g
°

eb
ay

es
g

10°1 100 101 102

Æ

10°2

10°1

100

e g

°1

∏=0.001

∏=0.01

∏=0.1

∏=1.0

∏=10.0

∏=100.0

Bayes

∏=0 Max-margin

Rademacher

Regularized logistic losses (almost) achieve Bayes optimal results!

[Aubin, Krzakala, Lu, Zdeborova’20]



Linear Regressions 
on mixture of gaussian 
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Learning a high-d Gaussian Mixture

+-

xi ∼ 𝒩 ( yiv*

d
, Δ)

xi ∈ ℝd, i = 1,…, n

α ≡
n
d

ℛgen ≡ fraction of misclassified sample

What is the best generalisation error one can obtain for the 
classification problem?

+
v*

d−
v*

d



Learning a high-d Gaussian Mixture

ℛBayes =
1
2

1 − erf ( 1

2Δ

α
Δ + α )

[E. Dobriban, S. Wager ’18, L. Miolane, M. Lelarge ’19]

Bayes optimal error

α

ℛBayes

xi ∼ 𝒩 ( yiv*

d
, Δ)

xi ∈ ℝd, i = 1,…, n

α ≡
n
d



In practice: Empirical Risk Minimization

xi ∼ 𝒩 ( yiv*

d
, Δ)

xi ∈ ℝd, i = 1,…, n

α ≡
n
d

ℒ =
n

∑
i=1

ℓ(yxi ⋅ θ) +
1
2

λ∥θ∥2
2

Convex regularised regression



[Mai, Liao, Couillet ’19; Deng, Kammoun, Thrampoulidis ’19; Mignacco, FK, Urbani, Zdeborova ’20]

ℒ =
n

∑
i=1

ℓ(yxi ⋅ θ) +
1
2

λ∥θ∥2
2

Convex regularised regression

ℛgen =
1
2

1 − erf ( m
2Δq )

Let q and m be the unique fixed point of:
Definitions:

Then:

Theorem

In practice: Empirical Risk Minimization



Ridge Regression

Hinge+l2 penalty

α = 1

α = αLS
(linearly separable)

α

α

Bayes Optimal

Regularized optimisation reach 
Bayes Optimal results 

In learning a mixture of two 
Gaussians for any convex loss

In practice: Empirical Risk Minimization

overparametrized

overparametrized



Kernels & random projections 
A tutorial 
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Representer theorem

✓̂ = argminR(✓)

We can always write the minimiser as:

For any loss function such that 

ℛ =
1
n

n

∑
i=1

ℒ(yi, θ ⋅ xi)

̂θ =
n

∑
i=1

βiXi



Template matching

fβ(Xnew) =
n

∑
j=1

βjXj ⋅ Xnew

Prediction for new sample are made just by 
comparing the scalar product of the new sample with 

those of the entire dataset!



Funes the memorious

 ‘Not only was it difficult for him to understand that the generic term ‘dog’ 
could embrace so many disparate individuals of diverse size and shapes, it 
bothered him that the dog seen in profile at 3:14 would be called the same 
dog at 3:15 seen from the front.’

As in KNN, linear models just “memorise” everything…  
… no  « understanding/learning » whatsoever!



Template matching

fβ(Xnew) =
n

∑
j=1

βjXj ⋅ Xnew

Prediction for new sample are made just by 
comparing the scalar product of the new sample with 

those of the entire dataset!

If this is a good idea, why just using a scalar product  as the “similarity” ?



fβ(X) =
n

∑
j=1

βjK(Xj, Xnew)

Template matching

Prediction for new sample are made just by 
comparing the scalar product of the new sample with 

those of the entire dataset!

If this is a good idea, why just using a scalar product  as the “similarity” ?



ℛ =
1
n

n

∑
i=1

ℒ(yi, fβ(Xi))

Kernel methods

fβ(X) =
n

∑
j=1

βjK(Xj, X)

βt = βt−1 − η∇βℛ ·βt = − ∇βℛ

Gradient descent Gradient flowβ ∈ ℝn

Depends only on the Gram matrix Kij = K(Xi, Xj)



Ex: Gaussian Kernel

K(Xi, Xj) = e−β∥Xi−Xj∥2
2

As  converges to 1NN methodsβ → ∞



K(Xi, Xj) = e−β∥Xi−Xj∥2
2

For lower values, interpolate 
between neighbours

Ex: Gaussian Kernel



K(Xi, Xj) = ?

More clever kernels?

Ideally, would like to implement a meaningful notion 
of similarity, and invariance for relevant symmetries



K(Xi, Xj) = ?

Neural Tangent Kernels 

Ideally, would like to implement a meaningful notion 
of similarity, and invariance for relevant symmetries

More on such ideas (and related ones) in  
Matthieu Wyart & Max Welling lectures



Mercer’s Theorem & the feature map 

K(s, t) =
1X

j=1

�j ej(s) ej(t)

All symmetric positive-definite Kernels can be seen as a projection  
in an infinite dimensional space 

If K(s,t) is symmetric and positive-definite, then there is an orthonormal basis {ei}i of L2[a, b] consisting of 
« eigenfunctions » such that the corresponding sequence of eigenvalues {λi}i is nonnegative. 

�i =

0

BBBB@

p
�1e1(Xi)p
�2e2(Xi)p
�3e4(Xi)
. . .p

�DeD(Xi)

1

CCCCA

Xi

Orignal space 
(data space) 
dimension d

Features space 
(After projection) 

dimension D (possibly infinite)

Feature map

Φ = g(X)

K(Xi, Xj) = Φi ⋅ Φj

https://en.wikipedia.org/wiki/Orthonormal_basis
https://en.wikipedia.org/wiki/Orthonormal_basis


Example: Gaussian Kernel, 1D

K(Xi, Xj) = e− 1
2σ2 ∥Xi−Xj∥2

2

Infinite dimensional feature (polynomial) map!



ℛ =
1
n

n

∑
i=1

ℒ(yi, fβ(Xi))

Kernel methods (i)

fβ(X) =
n

∑
j=1

βjK(Xj, X)

βt = βt−1 − η∇βℛ ·βt = − ∇βℛ

Gradient descent Gradient flowβ ∈ ℝn

Depends only on the Gram matrix Kij = K(Xi, Xj)



ℛ =
1
n

n

∑
i=1

ℒ(yi, fβ(Φi))

Kernel methods (ii)

fβ(Φ) =
n

∑
j=1

βjΦj, Φi

βt = βt−1 − η∇βℛ ·βt = − ∇βℛ

Gradient descent Gradient flowβ ∈ ℝn

Depends only on the Gram matrix Kij = Φi ⋅ Φj



ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Φi))

Linear model (in feature space!)

fθ(Φ) = θ ⋅ Φ

θt = θt−1 − η∇θℛ ·θt = − ∇θℛ

Gradient descent Gradient flowθ ∈ ℝD

Kernel methods (iii)

∞



Mapping to large dimension 
Can separate arbitrary complicated functions!

The Kernel Trick!



The problem with Kernels (& the solution)



Kernel methods
ℛ =

1
n

n

∑
i=1

ℒ(yi, fβ(Xi))

fβ(X) =
n

∑
j=1

βjK(Xj, X)

βt = βt−1 − η∇βℛ

·βt = − ∇βℛ

Gradient descent

Gradient flow

β ∈ ℝn

ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Φi))

fθ(Φ) = θ ⋅ Φ θ ∈ ℝD=∞

Feature map Φ = g(X)

θt = θt−1 − η∇θℛ

·θt = − ∇θℛ

Gradient descent

Gradient flow



K(Xi, Xj) = �i · �j

K =

0

BB@

K(X1, X1) K(X1, X2) . . . K(X1, XN )
K(X2, X1) K(X2, X2) . . . K(X2, XN )

. . . . . . . . . . . .
K(XN , X1) K(XN , X2) . . . K(XN , XN )

1

CCA

Say you have one million examples….



Kernel methods
ℛ =

1
n

n

∑
i=1

ℒ(yi, fβ(Xi))

fβ(X) =
n

∑
j=1

βjK(Xj, X)

βt = βt−1 − η∇βℛ

·βt = − ∇βℛ

Gradient descent

Gradient flow

β ∈ ℝn

ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Φi))

fθ(Φ) = θ ⋅ Φ θ ∈ ℝD=∞

Feature map Φ = g(X)

θt = θt−1 − η∇θℛ

·θt = − ∇θℛ

Gradient descent

Gradient flow



Kernel methods

ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Φi)) fθ(Φ) = θ ⋅ Φ

θ ∈ ℝD=∞

Feature map Φ = g(X)

θt = θt−1 − η∇θℛ

·θt = − ∇θℛ

Gradient descent

Gradient flow

Idea 1: truncate the expansion  
of the feature map  

(e.g. polynomial features)

Idea 2: approximate the  
feature map by sampling



Random Fourrier features 
(Recht-Rahimi ’07)

�i =
1p
d

0

BBB@

ei2⇡
~F1·Xi

ei2⇡
~F2·Xi

. . .

ei2⇡
~FD·Xi

1

CCCAD

Φ = g(x)

x ∈ ℝdΦ ∈ ℝD

Φ =
1

D
eiFx

F a Dxd matrix,  
Coefficients i.i.d. random from P(F)

K(xi, xj) = Φi ⋅ Φj =
1
D

D

∑
k=1

ei ⃗F k(xi−xj)
lim

D→∞ 𝔼 ⃗F [ei ⃗F (xi−xj)] = ∫ d ⃗F P( ⃗F )ei ⃗F (xi−xj)

K(Xi, Xj) = K(||Xi �Xj ||) = TF(P (~F ))



Random erf features 
(Williams ’07)

�i =
1p
d

0

BB@

erf(F̃1 ·Xi)
erf(F̃2 ·Xi)

. . .
erf(F̃D ·Xi)

1

CCAD

K(Xi, Xj) =
2

⇡
arcsin

 
2Xi ·Xjp

1 + 2Xi ·Xi

p
1 + 2Xj ·Xj

!

?lim
D!1

�i · �j

After a bit of work (Williams, 98)

Here the kernel depends on the angle….



Equivalent representation: 
A WIIIIIIIDE random 2-layer neural network

� = g(Fx)
X

Y=βΦ

F Θ

Fix the « weights » in the first layer randomly… 
… and to learn only the weights in the second layer

M
ak

e 
it 

w
id

e!

Infinitly wide neural net with random weights converges to kernel methods 
( Neal ’96, Williams 98, Recht-Rahimi ‘07)

Deep connection with genuine neural networks in the “Lazy regime” 
[Jacot, Gabriel, Hongler ’18; Chizat, Bach ’19; Geiger et al. ’19]



Results on Random Projections  
Physics-style 
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θ ∈ ℝpF 

∈ ℝd×p

Random features neural net

Two-layers neural network with fixed first layer F Architecture:

x ∈ ℝd ℝp y ∈ ℝ

σ(Fx)



• n vector , drawn randomly from  
• n labels  given by a function   

xi ∈ ℝd 𝒩(0,1d)
yi y0

i = f 0(x ⋅ θ*)

θ ∈ ℝpF 

∈ ℝd×p

Random feature model…
Dataset: 

Two-layers neural network with fixed first layer F Architecture:

ℒ =
1
n

n

∑
i=1

ℓ(yi, y0
i ) + λ∥θ∥2

2
Cost function:

ℓ( . ) =
Logistic loss 
Hinge loss 
Square loss 
…

What is the training error & the generalisation error 
in the high dimensional limit ?(d, p, n) → ∞

x ∈ ℝd ℝp y ∈ ℝ

σ(Fx)



Consider the unique fixed point of the following system of equations
Definitions:

Then in the high-dimensional limit:

… and its solution

̂Vs = α
γ κ2

1𝔼ξ,y [𝒵 (y, ω0)
∂ωη(y, ω1)

V ],

̂qs = α
γ κ2

1𝔼ξ,y 𝒵 (y, ω0) (η(y, ω1) − ω1)
2

V 2 ,

m̂s = α
γ κ1𝔼ξ,y [∂ω𝒵 (y, ω0)

(η(y, ω1) − ω1)

V ],

̂Vw = ακ2
⋆𝔼ξ,y [𝒵 (y, ω0)

∂ωη(y, ω1)
V ],

̂qw = ακ2
⋆𝔼ξ,y 𝒵 (y, ω0) (η(y, ω1) − ω1)

2

V 2 ,

Vs = 1
̂Vs

(1 − z gμ(−z)),

qs =
m̂2

s + ̂qs

̂Vs
[1 − 2zgμ(−z) + z2g′ μ(−z)]

−
̂qw

(λ + ̂Vw) ̂Vs
[−zgμ(−z) + z2g′ μ(−z)],

ms =
m̂s

̂Vs
(1 − z gμ(−z)),

Vw = γ

λ + ̂Vw
[ 1

γ − 1 + zgμ(−z)],

qw = γ
̂qw

(λ + ̂Vw)2 [ 1
γ − 1 + z2g′ μ(−z)],

+
m̂2

s + ̂qs

(λ + ̂Vw) ̂Vs
[−zgμ(−z) + z2g′ μ(−z)],

η(y, ω) = argmin
x∈ℝ [ (x − ω)2

2V + ℓ(y, x)]
𝒵(y, ω) = ∫ dx

2πV 0
e− 1

2V 0 (x − ω)2
δ (y − f 0(x))

where V = κ2
1Vs + κ2

⋆Vw, V 0 = ρ −
M2

Q
, Q = κ2

1qs + κ2
⋆qw, M = κ1ms, ω0 = M/ Qξ, ω1 = Qξ and gμis the Stieltjes transform of FFT

κ0 = 𝔼 [σ(z)], κ1 ≡ 𝔼 [zσ(z)], κ⋆ ≡ 𝔼 [σ(z)2] − κ2
0 − κ2

1 , and ⃗zμ ∼ 𝒩( ⃗0 , Ip)

ϵgen = 𝔼λ,ν [( f 0(ν) − ̂f(λ))2]
with (ν, λ) ∼ 𝒩 (0

0), ( ρ M⋆

M⋆ Q⋆)

ℒtraining =
λ

2α
q⋆

w + 𝔼ξ,y [𝒵 (y, ω⋆
0 ) ℓ (y, η(y, ω⋆

1 ))]

with ω⋆
0 = M⋆ / Q⋆ξ, ω⋆

1 = Q⋆ξ

Agrees with [Louart , Liao , Couillet’18 & Mei-Montanari ’19] who solved a particular case using 
random matrix theory: linear function f0,   & Gaussian random weights F,ℓ(x, y) = ∥x − y∥2

2

[Loureiro, Gerace, FK, Mézard, Zdeborova, ’20]

Mention COUILLET HERE



A classification task

λ=10−4λ=10−4

λopt

overparametrized (square loss)

overparametrized (logistic loss)



A classification task

As , in the overparametrized regime,  
Logistic converges to max-margin,    converges to least norm  

λ → 0
ℓ2

Implicit regularisation of gradient descent [Neyshabur,	Tomyoka,	Srebro,	’15]	
[Rosset,	Zhy,	Hastie,	’04]	



Asymptotics accurate even at d=200!
Regression task Classification task

ℓ2 loss logistic loss

First layer: random Gaussian Matrix
First layer: subsampled Fourier matrix



Nips '17

Regularisation & different First Layer



Logistic loss, no regularisation

n/d

p/n



Phase transition of perfect separability

 0
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 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7

separablenon-separable

n
/d

p/n

Gaussian
Orthogonal

Generalize a phase transition discussed  
by [Cover ’65; Gardner ’87; Sur & Candes, ’18] 

Cover Theory ‘65



Kernels, random projections  
(and lazy training as well) are very limited 

when not enough data are available



Phase retrieval with teacher & student

yi = |ai ⋅ w |  for i = 1,…, n w ∈ ℝd or ℂd

Method 1:  
* Use kernel method to predict y for a new vector a given a training set  
* Kernel method cannot beat a random guess for any finite =n/d! 
* This is a consequence of the Gaussian Equivalence Theorem                     

(and of the curse of dimensionality), see S. Goldt’s lecture next week 
* Open problem: does it work with n=O(d2)?  

α

[Loureiro, Gerace, FK, Mézard, Zdeborova, ’20]

Method 2:  
* Use a neural network to predict y for a new vector a given a training set  
* A 2-layer NN can give good results starting from =2α

[Sarao Mannelli,  Vanden-Eijnden,  Zdeborová, ’20]

α =
n
d

Both  and  are random i.i.d. Gaussianai w



The Neural Tangent Kernel

“Apparté” 



Empirical Risk Minimisation

Ex: neural networks models

ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Xi))(Xi ∈ ℝd, yi ∈ ℝ), i = 1,…, n

fθ(X) = η(0) (W(0)η(1) (W(1)…η(L) (W(L) ⋅ X)))Model:

Loss :ℒ(y, h)

θ = {W(0), W(1), …, W(L)}



ℛ =
1
n

n

∑
i=1

ℒ(yi, fθ(Xi))

Empirical Risk Minimisation

(Xi ∈ ℝd, yi ∈ ℝ), i = 1,…, n

d
dt

fθ(X) = (∇θ fθ(X)) ⋅
dθ
dt

·θt = − ∇θℛ

d
dt

fθ(X) = − (∇θ fθ(X)) ⋅ [ 1
n

n

∑
i=1

ℒ′ (yi, fθ(Xi))∇θ fθ(Xi)]
d
dt

fθ(X) = − [ 1
n

n

∑
i=1

Ωt(X, Xi)ℒ′ (yi, fθ(Xi))]
Ωt(X, Y) = ∇θ fθ(X) ⋅ ∇θ fθ(Y)



Empirical Risk Minimisation
ℛ =

1
n

n

∑
i=1

ℒ(yi, fθ(Xi))(Xi ∈ ℝd, yi ∈ ℝ), i = 1,…, n

d
dt

fθ(X) = (∇θ fθ(X)) ⋅
dθ
dt

·θt = − ∇θℛ

d
dt

fθ(X) = − (∇θ fθ(X)) ⋅ [ 1
n

n

∑
i=1

ℒ′ (yi, fθ(Xi))∇θ fθ(Xi)]
d
dt

fθ(X) = − [ 1
n

n

∑
i=1

Ωt(X, Xi)ℒ′ (yi, fθ(Xi))] = − [ 1
n

n

∑
i=1

Ωt(X, Xi)
·βt
i]

Ωt(X, Y) = ∇θ fθ(X) ⋅ ∇θ fθ(Y)



Empirical Risk Minimisation
ℛ =

1
n

n

∑
i=1

ℒ(yi, fθ(Xi))(Xi ∈ ℝd, yi ∈ ℝ), i = 1,…, n

Ωt(X, Y) = ∇θ fθ(X) ⋅ ∇θ fθ(Y)

Assume that Ωt(X, Y)

Ω*(X, Y) = Ωt=0(X, Y)

Ω*(X, Y)converges to

during training
reminds equal to

d
dt

fθ(X) = − [ 1
n

n

∑
i=1

Ωt(X, Xi)ℒ′ (yi, fθ(Xi))] = − [ 1
n

n

∑
i=1

Ωt(X, Xi)
·βt
i]



Empirical Risk Minimisation
ℛ =

1
n

n

∑
i=1

ℒ(yi, fθ(Xi))(Xi ∈ ℝd, yi ∈ ℝ), i = 1,…, n

d
dt

fθ(X) = − [ 1
n

n

∑
i=1

Ω*(X, Xi)
·βt
i]

Ωt(X, Y) = ∇θ fθ(X) ⋅ ∇θ fθ(Y)

Assume that Ωt(X, Y)

Ω*(X, Y) = Ωt=0(X, Y)

Ω*(X, Y)converges to

during training
reminds equal to



Empirical Risk Minimisation
ℛ =

1
n

n

∑
i=1

ℒ(yi, fθ(Xi))(Xi ∈ ℝd, yi ∈ ℝ), i = 1,…, n

Ωt(X, Y) = ∇θ fθ(X) ⋅ ∇θ fθ(Y)

fβ(X) =
n

∑
j=1

βjK(Xj, X)Remember that for Kernel we had:

d
dt

fθ(X) = − [ 1
n

n

∑
i=1

Ω*(X, Xi)
·βt
i]



NTK is a random features net

Φ = ∇θ fθ(X)

fθ(X) = ∑
i

aiσ (biX)

Φ(1) =

σ(b1X)
σ(b2X)

…
σ(bKX)

= σ(BX)

Φ(2) =

a1σ′ (b1X)x1

a1σ′ (b1X)x2…
aiσ′ (biX)xj

…
akσ′ (bKX)xd

=

a1σ′ (b1X)x
a2σ′ (b2X)x

…
aKσ′ (bKX)x

Φ = (Φ(1)

Φ(2))

REM1: NTK yields a random feature 
models with correlated features. For a 

given Kernel, i.d.d. random features will 
always approximate the kernel better

REM2: Note that NTK has has many 
features that the original neural net, so 

no real advantage in training complexity! 
The advantage is that now the objective 

is convex!


