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1 Limiting spectral measure

1.1 Method of moments for Wigner’s theorem
We consider in this section anN×N matrix XN with real or complex entries such
that

(
XNij , 1 ≤ i ≤ j ≤ N

)
are independent and XN is self-adjoint; XNij = X̄Nji .

We assume further that

E[XNij ] = 0, lim
N→∞

max
1≤i,j≤N

|NE[|XNij |2]− 1| = 0. (1)

We shall show that, under some finite moments conditions on the entries, the
eigenvalues (λ1, · · · , λN ) of XN satisfy the almost sure convergence

lim
N→∞

1

N

N∑
i=1

f(λi) =

ˆ
f(x)dσ(x) (2)

where f is a bounded continuous function or a polynomial function. σ is the
semi-circular law

σ(dx) =
1

2π

√
4− x21|x|≤2dx. (3)

We shall prove this convergence for polynomial functions and rely on the fact
that for all k ∈ N,

´
xkdσ(x) is null when k is odd and given by the Catalan

number

Ck/2 =

(
k
k
2

)
k
2 + 1

(4)

when k is even.
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1.1.1 Wigner’s theorem

In this section, we use the same notation for complex and for real entries since
both cases will be treated at once and yield the same result. The aim of this
section is to prove

Theorem 1.1. [Wigner’s theorem [?]] Assume that for all k ∈ N,

Bk := sup
N∈N

sup
(i,j)∈{1,··· ,N}2

E[|
√
NXN

ij |k] <∞. (5)

Then,

lim
N→∞

1

N
Tr
(
(XN )k

)
=

{
0 if k is odd,
C k

2
otherwise, (6)

where the convergence holds in expectation and almost surely.

The Catalan number Ck will appear here as the number of non-crossing pair
partitions of 2k elements. Namely, recall that a partition of the (ordered) set
S := {1, · · · , n} is a decomposition

π = {V1, · · · , Vr} (7)

such that Vi ∩ Vj = ∅ if i 6= j and ∪Vi = S. The Vi, 1 ≤ i ≤ r are called the
blocks of the partition and we say that p ∼π q if p, q belong to the same block of
the partition π. A partition π of {1, · · · , n} is said to be crossing if there exist
1 ≤ p1 < q1 < p2 < q2 ≤ n with

p1 ∼π p2 6∼π q1 ∼π q2. (8)

It is non-crossing otherwise. We leave it as an exercise to the reader to prove
that Ck as given in the theorem is exactly the number of non-crossing pair
partitions of {1, 2, · · · , 2k}.

Proof. We start the proof by showing the convergence in expectation, for
which the strategy is simply to expand the trace over the matrix in terms of its
entries. We then use some (easy) combinatorics on trees to find out the main
contributing term in this expansion. The almost sure convergence is obtained by
estimating the covariance of the considered random variables and apply Borel-
Cantelli lemma..

• Expanding the expectation.
Setting YN =

√
NXN , we have

E
[

1

N
Tr
(
(XN )k

)]
=

N∑
i1,··· ,ik=1

N−
k
2−1E[Yi1i2Yi2i3 · · ·Yiki1 ] (9)

where Yij , 1 ≤ i, j ≤ N, denote the entries of YN (which may eventually
depend on N). We denote i = (i1, · · · , ik) and set

PN (i) := E[Yi1i2Yi2i3 · · ·Yiki1 ]. (10)
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Note that PN depends on N through YN . By (??) and Hölder’s in-
equality, P (i) is bounded uniformly by Bk, independently of i and N .
Since the random variables (Yij , i ≤ j) are independent and centered,
P (i) equals zero unless for any pair (ip, ip+1), p ∈ {1, · · · , k}, there exists
l 6= p such that (ip, ip+1) = (il, il+1) or (il+1, il). Here, we used the con-
vention ik+1 = i1. To find more precisely which set of indices contribute
to the first order in the right hand side of (??), we next provide some
combinatorial insight into the sum over the indices.

• Connected graphs and trees.

V (i) = {i1, · · · , ik} will be called the vertices. We identify i` and ip iff they
are equal. An edge is a pair (i, j) with i, j ∈ {1, · · · , N}2. At this point,
edges are directed in the sense that we distinguish (i, j) from (j, i) when
j 6= i and we shall point out later when we consider undirected edges. We
denote by E(i) the collection of the k edges (ep)

k
p=1 = (ip, ip+1)kp=1 .

We consider the graph G(i) = (V (i), E(i)). G(i) is connected by construc-
tion. Note that G(i) may contain loops (i.e cycles, for instance edges of
type (i, i)) and multiple undirected edges.

The skeleton G̃(i) of G(i) is the graph G̃(i) =
(
Ṽ (i), Ẽ(i)

)
where vertices

in Ṽ (i) appear only once, edges in Ẽ(i) are undirected and appear only
once.

In other words, G̃(i) is the graph G(i) where multiplicities and orientation
have been erased. It is connected, as is G(i).

We now state and prove a well known inequality concerning undirected
connected graphs G = (V,E). If we let, for a discrete finite set A, |A| be
the number of its distinct elements, we have the following inequality

|V | ≤ |E|+ 1. (11)

Let us prove this inequality and that equality holds only if G is a tree at
the same time. This relation is straightforward when |V | = 1 and can be
proven by induction as follows. Assume |V | = n and consider one vertex v
of V . This vertex is contained in l edges of E which we denote (e1, · · · , el)
and with l ≥ 1 by connectedness. The graph G then decomposes into
({v}, {e1, · · · , el}) and r ≤ l undirected connected graphs (G1, · · · , Gr).
We denote Gj = (Vj , Ej), for j ∈ {1, · · · , r}. We have

|V | − 1 =

r∑
j=1

|Vj |, |E| − l =

r∑
j=1

|Ej |. (12)
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i5 = i10

i4 = i6 i9 = i11

i3 = i7

i2 = i8 = i12 = i20

i1 = i21

i13 = i15 = i17 = i19

i14

i16 = i18

Figure 1: Figure of G(i) (in dash) versus G̃(i) (in bold), |Ẽ(i)| = 9, |Ṽ (i)| = 9

Applying the induction hypothesis to the graphs (Gj)1≤j≤r gives

|V | − 1 ≤
r∑
i=1

(|Ej |+ 1)

= |E|+ r − l ≤ |E| (13)

which proves (??). In the case where |V | = |E| + 1, we claim that G
is a tree, namely does not have a loop. In fact, for equality to hold, we
need to have equalities when performing the previous decomposition of
the graph, a decomposition which can be reproduced until all vertices
have been considered. If the graph contains a loop, the first time that we
erase a vertex of this loop when performing this decomposition, we will
create one connected component less than the number of edges we erased
and so a strict inequality occurs in the right hand side of (??) (i.e. r < l).

• Convergence in expectation.

Since we noticed that P (i) equals zero unless each edge in E(i) is repeated
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at least twice, we have that

|Ẽ(i)| ≤ 2−1|E(i)| = k

2
, (14)

and so by (??) applied to the skeleton G̃(i) we find

|Ṽ (i)| ≤
[
k

2

]
+ 1 (15)

where [x] is the integer part of x. Thus, since the indices are chosen in
{1, · · · , N}, there are at most N [ k2 ]+1 indices which contribute to the sum
(??) and so we have∣∣∣∣E [ 1

N
Tr
(
(XN )k

)]∣∣∣∣ ≤ BkN
[ k2 ]− k2 (16)

where we used (??). In particular, if k is odd,

lim
N→∞

E
[

1

N
Tr
(
(XN )k

)]
= 0. (17)

If k is even, the only indices which will contribute to the first order asymp-
totics in the sum are those such that

|Ṽ (i)| = k

2
+ 1, (18)

since the other indices will be such that |Ṽ (i)| ≤ k
2 and so will contribute at

most by a term N
k
2BkN

− k2−1 = O(N−1). By the previous considerations,
when |Ṽ (i)| = k

2 + 1, we have that

1. G̃(i) is a tree,

2. |Ẽ(i)| = 2−1|E(i)| = k
2 and so each edge in E(i) appears exactly

twice.

We can exploreG(i) by following the path P of edges i1→i2→i3 · · ·→ik→i1.
Since G̃(i) is a tree, G(i) appears as a fat tree where each edge of G̃(i) is
repeated exactly twice. We then see that each pair of directed edges corre-
sponding to the same undirected edge in Ẽ(i) is of the form {(ip, ip+1), (ip+1, ip)}
(since otherwise the path of edges has to form a loop to return to i0).
Therefore, for these indices, limN P

N (i) = limN E[|
√
NXN

ij |2]
k
2 = 1 does

not depend on i.

Finally, observe that G(i) gives a pair partition of the edges of the path
P (since each undirected edge has to appear exactly twice) and that this
partition is non crossing (as can be seen by unfolding the path, keeping
track of the pairing between edges by drawing an arc between paired
edges). Therefore we have proved that
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lim
N→∞

E
[

1

N
Tr
(
(XN )k

)]
= ]{ non-crossing pair partitions of k edges }.

(19)

• Almost sure convergence. To prove the almost sure convergence, we
estimate the variance and then use Borel Cantelli’s lemma. The variance
is given by

Var((XN )k) := E
[

1

N2

(
Tr
(
(XN )k

))2]− E
[

1

N
Tr
(
(XN )k

)]2

(20)

=
1

N2+k

N∑
i1, . . . , ik = 1
i′1, . . . , i

′
k = 1

[P (i, i′)− P (i)P (i′)]

with
P (i, i′) := E[Yi1i2Yi2i3 · · ·Yiki1Yi′1i′2 · · ·Yi′ki′1 ]. (21)

We denote G(i, i′) the graph with vertices V (i, i′) = {i1, · · · , ik, i′1, · · · , i′k}
and edges E(i, i′) = {(ip, ip+1)1≤p≤k, (i

′
p, i
′
p+1)1≤p≤k}. For i, i′ to con-

tribute to the sum, G(i, i′) must be connected. Indeed, if E(i)∩E(i′) = ∅,
P (i, i′) = P (i)P (i′). Moreover, as before, each edge must appear at least
twice to give a non zero contribution so that |Ẽ(i, i′)| ≤ k. Therefore,
we are in the same situation as before, and if G̃(i, i′) = (Ṽ (i, i′), Ẽ(i, i′))
denotes the skeleton of G(i, i′), we have the relation

|Ṽ (i, i′)| ≤ |Ẽ(i, i′)|+ 1 ≤ k + 1. (22)

This already shows that the variance is at most of order N−1 (since
P (i, i′)− P (i)P (i′) is bounded uniformly, independently of (i, i′) and N),
but we need a slightly better bound to prove the almost sure conver-
gence. To improve our bound let us show that the case where |Ṽ (i, i′)| =
|Ẽ(i, i′)|+ 1 = k+ 1 can not occur. In this case, we have seen that G̃(i, i′)
must be a tree since then equality holds in (??). Also, |Ẽ(i, i′)| = k im-
plies that each edge appears with multiplicity exactly equal to 2. For any
contributing set of indices i, i′, G̃(i, i′)∩G(i) and G̃(i, i′)∩G(i′) must share
at least one edge (i.e one edge must appear with multiplicity one in each
subgraph) since otherwise P (i, i′) = P (i)P (i′). This is a contradiction.
Indeed, if we explore G̃(i, i′) by following the path i1→i2→· · ·→i1, we see
that each (non-oriented) visited edge appears twice or this path makes a
loop. The first case is impossible since G̃(i, i′) ∩ G(i) and G̃(i, i′) ∩ G(i′)
share one edge and each edge of G̃(i, i′) has multiplicity 2, and the second
case is also impossible since G̃(i, i′) is a tree. Therefore, we conclude that
for all contributing indices,

|Ṽ (i, i′)| ≤ k (23)
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which implies

Var((XN )k) ≤ pkN−2 (24)

with pk a constant independent of N . Applying Chebychev’s inequality
gives for any δ > 0

P
(∣∣∣∣ 1

N
Tr
(
(XN )k

)
− E

[
1

N
Tr
(
(XN )k

)]∣∣∣∣ > δ

)
≤ pk
δ2N2

, (25)

and so Borel-Cantelli’s lemma implies

lim
N→∞

∣∣∣∣ 1

N
Tr
(
(XN )k

)
− E

[
1

N
Tr
(
(XN )k

)]∣∣∣∣ = 0 a.s. (26)

The proof of the theorem is complete.

�

Exercise 1.2. Take for L ∈ N, XN,L the N ×N self-adjoint matrix such that
XN,L
ij = (2L)−

1
2 1|i−j|≤LXij with (Xij , 1 ≤ i ≤ j ≤ N) independent centered

real random variables having all moments finite and E[X2
ij ] = 1. The purpose

of this exercise is to show that for all k ∈ N,

lim
L→∞

lim
N→∞

E
[

1

N
Tr((XN,L)k)

]
= Ck/2 (27)

with Cx null if x is not an integer. Moreover, if L(N) ∈ N is a sequence going
to infinity with N so that L(N)/N goes to zero, prove that

lim
N→∞

E
[

1

N
Tr((XN,L(N))k)

]
= Ck/2. (28)

If L(N) = [αN ], one can also prove the convergence of the moments of XN,L(N).
Show that this limit can not be given by the Catalan numbers Ck/2 by considering
the case k = 2.

Hint: Show that for k ≥ 2

E
[

1

N
Tr((XN,L)k)

]
= (2L)−k/2

∑
|i2−[N2 ]|≤L,

|ip+1−ip|≤L,p≥2

E[X[N2 ]i2
· · ·Xik[N2 ]] +O(N−1).

(29)
Then prove that the contributing indices to the above sum correspond to the case
where G(0, i2, ·, ik) is a tree with k/2 vertices and show that being given a tree
there are approximately (2L)

k
2 possible choices of indices i2, · · · , ik.
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1.2 Stieltjes transform approach for Wigner’s theorem
There is a second and very powerful approach to the study of the empirical
measure of a random matrix through its Cauchy-Stieltjes transform. It is given,
for z ∈ C\R by

GN (z) =
1

N
Tr(z −X)−1 =

1

N

∑ 1

z − λi
. (30)

We shall see in this section how to prove law of large numbers by studying GN ,
and in fact by showing that it is characterized by certain fixed points equations.
The advantage of this approach is that it is well suited for more complicated
matrices as we will see next. Also it can can be extended to study the global
fluctuations of the eigenvectors. Finally, it can be refined sometimes to consider
the case where the imaginary part of z goes to zero with N . This in turn
will allow the study of more local properties of the spectrum, but also local
delocalization.

1.2.1 Stieltjes transforms and Wigner theorem

We begin by recalling some classical results concerning the Stieltjes transform
of a probability measure.

Definition 1.3. Let µ be a positive, finite measure on the real line. The Stieltjes
transform of µ is the function

Gµ(z) :=

ˆ
R

µ(dx)

z − x
, z ∈ C \ R . (31)

Note that for z ∈ C \ R, both the real and imaginary parts of 1/(x − z)
are continuous bounded functions of x ∈ R, and further |Gµ(z)| ≤ µ(R)/|=z|.
These crucial observations are used repeatedly in what follows.

Remark 1.4. The generating function β̂(z) of moments of the semicircle dis-
tribution σ is closely related to its Stieltjes transform : for |z| < 1/4,

β̂(z) =

∞∑
k=0

zk
ˆ
x2kσ(x)dx =

ˆ ( ∞∑
k=0

(
zx2
)k)

σ(x)dx (32)

=

ˆ
1

1− zx2
σ(x)dx

=

ˆ
1

1−
√
zx
σ(x)dx =

1√
z
Gσ(1/

√
z),

where the third equality uses that the support of σ is the interval [−2, 2], and
the fourth uses the symmetry of σ. Using the fact that

´
x2kdσ(x) = Ck is the
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Catalan number which satisfies the induction relation

Ck =

k−1∑
`=0

C`Ck−`−1 (33)

it is not hard to deduce from the above that

Gσ(z)− 1

z
=

1

z
Gσ(z)2. (34)

Stieltjes transforms can be inverted. In particular, one has

Theorem 1.5. For any open interval I with neither endpoint on an atom of µ,

µ(I) = lim
ε→0

1

π

ˆ
I

Gµ(λ− iε)−Gµ(λ+ iε)

2i
dλ

= lim
ε→0

1

π

ˆ
I

=Gµ(λ− iε)dλ . (35)

Proof. Note first that because

=Gµ(−i) =

ˆ
1

1 + x2
µ(dx) , (36)

we have that Gµ ≡ 0 implies µ = 0. So assume next that Gµ does not vanish
identically. Then, since

lim
y↑+∞

y=Gµ(−iy) = lim
y↑+∞

ˆ
y2

x2 + y2
µ(dx) = µ(R) (37)

by bounded convergence, we may and will assume that µ(R) = 1, i.e. that µ is
a probability measure.

Let X be distributed according to µ, and denote by Cε a random variable,
independent of X, Cauchy distributed with parameter ε, i.e. the law of Cε has
density

εdx

π(x2 + ε2)
. (38)

Then, =Gµ(λ − iε)/π is nothing but the density (with respect to Lebesgue
measure) of the law of X + Cε evaluated at λ ∈ R. The convergence in (??) is
then just a rewriting of the weak convergence of the law of X + Cε to that of
X, as ε→ 0. �The main tool in the analysis of the empirical measure through
Stieltjes transform is the Schur complement formula that we present next.

Lemma 1.6. Let W be a Hermitian matrix, and let wi denote the i-th column
of W with the entry W (i, i) removed (i.e., wi is an N − 1-dimensional vector).
Let W (i) ∈ H(1)

N−1 (H(1)
N−1 being the set of N − 1 × N − 1-hermitian matrices)

denote the matrix obtained by erasing the i-th column and row from W . Then,
for every z ∈ C \ R,

(zI −W )−1(i, i) =
1

z −W (i, i)− wTi (zIN−1 −W (i))−1wi
. (39)
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Proof of Lemma ?? Note first that from Cramer’s rule,

(zIN −W )−1(i, i) =
det(zIN−1 −W (i))

det(zI −W )
. (40)

Write next

zIN −W =

(
zIN−1 −W (N) −wN

−wTN z −W (N,N)

)
, (41)

and use the matrix identity

det

(
A B
C D

)
= det

((
A 0
C D − CA−1B

)(
1 A−1B
0 1

))
= detAdet(D − CA−1B) (42)

with A = zIN−1 −W (N), B = −wN , C = −wTN and D = z −W (N,N) to
conclude that

det(zIN −W ) = (43)

det(zIN−1 −W (N)) det
[
z −W (N,N)− wTN (zIN−1 −W (N))−1wN

]
.

The last formula holds in the same manner with W (i), wi and W (i, i) replacing
W (N), wN and W (N,N) respectively. Substituting in (??) completes the proof
of Lemma ??. �

With a truncation argument, we may and will assume in the sequel that
XN (i, i) = 0 for all i and that for some constant C independent of N , it holds
that |

√
NXN (i, j)| ≤ C for all i, j.

Denote by X
(k)
N ∈ H(1)

N the matrix consisting of XN with the kth row and
column removed. By Lemma ??, one gets that

GN (z) ≡ 1

N
Tr(z −XN )−1 =

1

N

N∑
i=1

1

z − αTi (zIN−1 −X
(i)
N )−1αi

(44)

The main idea is to derive LLN from the convergence and fluctuations of
αTi (zIN−1 −X

(i)
N )−1αi.

Theorem 1.7. Assume that supN E[|
√
NX|2+ε] < ∞ for some ε > 0. Then

GN (z) converges almost surely when N goes to infinity towards the unique so-
lution of

G(z) =
1

z −G(z)
(45)

going to zero at infinity,

Proof. The first point in the proof is that GN (z), if it converges in expec-
tation, will converge almost surely by concentration of measure.
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1.2.2 Concentration of measure and self-averaging

Concentration of measure has played an important role in probability theory
and random matrix theory. It turns out that general results of concentration
of measure apply to this setting [?, ?]: such results demand in general strong
assumptions over the entries. We first give a concentration result due to C.
Bordenave, P. Caputo and D. Chafai which is based on Azuma-Hoeffding’s in-
equality. The proof reveals that we only require the independence of the vectors
{(Xij)j≤i, 1 ≤ i ≤ N}.

Lemma 1.8. Let ‖f‖TV be the total variation norm,

‖f‖TV = sup
x1<···<xn

n∑
i=2

|f(xi)− f(xi−1)| (46)

Then, for any δ > 0 and any function f with finite total variation norm so that
E
[
| 1
N

∑N
i=1 f(λi)|

]
<∞,

P

(∣∣∣∣∣ 1

N

N∑
i=1

f(λi)− E

[
1

N

N∑
i=1

f(λi)

]∣∣∣∣∣ ≥ δ‖f‖TV
)
≤ 2e

−Nδ28cX (47)

where cX = 1 for Wigner’s matrices and M/N for Wishart matrices.

Note that this lemma holds for real valued functions. For complex function
it can be easily extended by changing the constant 8 by 16. We will prove this
result for Wigner matrices but a quick inspection of the proof is that you mainly
need that (Xij)i≤j , 1 ≤ j ≤ N are independent, or XN = Y TN YN where YN has
independent columns.

Remark 1.9. Note that the above speed is not optimal for laws µN , νN which
have sufficiently fast decaying tails as we will see below, in which case

∑N
i=1 f(λi)−

E[
∑N
i=1 f(λi)] is of order one. However it is the optimal rate for instance for

heavy tailed matrices where CLT holds for N−1/2
(∑N

i=1 f(λi)− E
[

1
N

∑N
i=1 f(λi)

])
.

Remark 1.10. Note that we only required independence of the vectors of the
random matrix, rather than the entries.

Proof. Let us first recall Azuma-Hoeffding’s inequality

Lemma 1.11. (Azuma-Hoeffding’s inequality) Suppose Mk, k ≥ 0 is a martin-
gale for the filtration Fk and |Mk −Mk−1| ≤ ck. Then for all t ≥ 0

P (Mn −M0 ≥ t) ≤ exp{− t2

2
∑n
k=1 c

2
k

} . (48)

Proof. By Tchebychev’s inequality for all λ ≥ 0

P (Mn −M0 ≥ t) ≤ e−λtE[eλ
∑n
k=1(Mk−Mk−1)] . (49)
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We first integrate conditionally to Fn−1, that is control uniformly

f(λ) = logE[eλ(Mn−Mn−1)|Fn−1] . (50)

Clearly, f(0) = f ′(0) = 0 whereas

f ′′(λ) ≤ E[(Mn −Mn−1)2eλ(Mn−Mn−1)|Fn−1]

E[eλ(Mn−Mn−1)|Fn−1]
≤ c2n . (51)

Therefore, we have the uniform bound

E[eλ(Mn−Mn−1)|Fn−1] ≤ e 1
2λ

2c2n (52)

and proceeding by induction we deduce

E[eλ
∑n
k=1(Mk−Mk−1)] ≤ e 1

2λ
2 ∑n

k=1 c
2
k . (53)

Plugging back this control into (??) and taking λ = t/
∑
c2k yields the lemma.

�
We finally prove Lemma ?? for a continuously differentiable function f , the
generalization to all functions with finite variation norm then holds by density.
We then have ‖f‖TV =

´
|f ′(x)|dx. We apply Azuma-Hoeffding’s inequality to

Mk = E

[
1

N

N∑
i=1

f(λi)|Fk

]
(54)

where Fk is the filtration generated by {XN (i, j), 1 ≤ i ≤ j ≤ k} . Mk is a
martingale obviously and

MN −M0 =
1

N

N∑
i=1

f(λi)− E

[
1

N

N∑
i=1

f(λi)

]
. (55)

Therefore we need to bound for each k ∈ {1, · · · , N}

Mk −Mk−1 = E

[
1

N

N∑
i=1

f(λi)− E[
1

N

N∑
i=1

f(λi)|Fk−1]|Fk

]
(56)

= E

[
1

N

N∑
i=1

f(λi)−
1

N

N∑
i=1

f(λ̃i)|Fk

]
,

where in the above expectation λi (resp λ̃i) are the eigenvalues of ZN = XN (Xk, Ck, Rk+1)
(resp. Z̃N = XN (Xk, C̃k, Rk+1)) where XN (X,C,R) is the self-adjoint matrix
with upper left k × k corner given by X = (XN (X,C,R))i,j≤k, k + 1th vector
C = (XN (X,C,R))k+1,j≤k+1 and rest R = (XN (X,C,R))i, or j≥k+2. In the
conditionnal expectation above we therfore take expectation over Rk+1 and C̃k.
Hence the eigenvalues λ and λ̃ are the eigenvalues of two operators which have
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a same submatrix of dimension N − 1 × N − 1. Therefore the eigenvalues λi
and λ̃i are interlaced, that is they are ordered

λ̃i−1 ≤ λi ≤ λ̃i+1 . (57)

If g is increasing we deduce that

N−2∑
i=1

g(λ̃i) ≤
N−1∑
i=2

g(λi) ≤
N∑
i=3

g(λ̃i) (58)

which implies

|
N∑
i=1

g(λi)−
N∑
i=1

g(λ̃i)| ≤ 2‖g‖∞. (59)

Decomposing f(x)− f(0) as the sum of the two increasing functions

f(x)− f(0) =

ˆ x

0

f ′(y)1f ′(y)≥0dy −
ˆ x

0

(−f ′)(y)1f ′(y)<0dy (60)

shows that
|Mk −Mk−1| ≤

2

N
‖f‖TV (61)

which allows to conclude that for all δ > 0

P

(
1

N

N∑
i=1

f(λi)− E

[
1

N

N∑
i=1

f(λi)

]
≥ δ‖f‖TV

)
≤ e−

δ2N
8cX . (62)

The other bound is obtained by changing f into −f . �Note that
this estimate can be improved under stronger assumptions but it is optimal in
general, for instance if the entries have heavy tails. If the entries satisfy log-
Sobolev inequalities, that is there exists a finite constant c such that for any
differentiable function f : Rp→R we have

µ

(
f2 log

f2

µ(f2)

)
≤ 2cµ(‖∇f‖22).

This is true for the Gaussian law, or for e−V (x)dx/Z with Hess(V ) ≥ I, or the
image ϕ(g) of Gaussian variables by a Lipschitz map. Then a general result due
to Herbst shows that

Lemma 1.12 (Herbst). Let Xi,j be independent and with laws satisfying the
log-Sobolev inequality with constant uniformly bounded by c. Let g be a Lipschitz
function. For all δ ≥ 0

P (|g(Xi,j , i ≤ j)− E[g(Xi,j , i ≤ j)]| ≥ δ‖g‖L) ≤ 2e−Cδ
2

where C depends only on c.

13



Throughout these notes, we denote the Lipschitz constant of a function G :
RM → R by

|G|L := sup
x 6=y∈RM

|G(x)−G(y)|
‖x− y‖2

,

Similar results hold for bounded entries if one recenters the random variable
with respect to its median thanks to Talagrands results:

Theorem 1.13 (Talagrand). Let K be a connected compact subset of R with
diameter |K| = supx,y∈K |x − y|. Consider a convex real-valued function f

defined on KN . Assume that f is Lipschitz on KN , with constant |f |L. Let P
be a probability measure on K and X1, · · · , XN be N independent copies with
law P . Then, if Mf is the median of f(X1, · · · , XN ), for all ε > 0,

P (|f(X1, · · · , XN )−Mf | ≥ ε) ≤ 4e
− ε2

16|K|2|f|2L .

These concentration statements apply to random matrices as soon as we can
show that the functions we are interested in are Lipschitz. This is for instance
the case of the eigenvalues. Indeed, thanks to Lidskii’s Theorem ?? and for the
spectral measure

Lemma 1.14. We denote λ1(A) ≤ λ2(A) ≤ · · · ≤ λN (A) the eigenvalues of
A ∈ H. Then for all k ∈ {1, · · · , N}, all A,B ∈ H,

|λk(A + B)− λk(A)| ≤ ‖B‖2.

In other words, for all k ∈ {1, · · · , N},

(Aij)1≤i≤j≤N ∈ RN(N+1)/2→λk(A)

is Lipschitz with constant one.
For all Lipschitz functions f with Lipschitz constant |f |L, the function

(Aij)1≤i≤j≤N ∈ E(2)
N →

N∑
k=1

f(λk(A))

is Lipschitz with respect to the Euclidean norm with a constant bounded above
by
√
N |f |L. When f is continuously differentiable we have

lim
ε→0

ε−1

(
N∑
k=1

f(λk(A + εB))−
N∑
k=1

f(λk(A))

)
= Tr(f ′(A)B).

We can apply these results to Wigner matrices. For instance if its entries
satisfy log-Sobolev inequalities we have

Corollary 1.15. Let XN (ij), 1 ≤ i ≤ j ≤ N be independent, satisfying log-
Sobolev inequality with uniformly bounded constant and denote by λk the eigen-
values of XN in increasing order.Then there exists C > 0 such that

14



• for any δ > 0 any Lipschitz function fR→ R

P
(
| Tr(f(

XN√
N

))− E[ Tr(f(
XN√
N

))]| > δ‖f‖L
)
≤ 2e−Cδ

2

• for any δ > 0

P (|λk − E[λk]| > δ) ≤ 2e−Cδ
2

• For any fixed unit vector u, any z ∈ C\R

P
(
|〈u, (z − XN√

N
)−1u〉 − E[〈u, (z − XN√

N
)−1u〉]| > δ/|=z|2

)
≤ 2e−CNδ

2

The first two statements are clear consequences of the previous lemma, the
last is by noticing that Xij → 〈u, f(XN√

N
)u〉 is Lipschitz with norm bounded by

1/
√
N |Imz|2.
Another concentration of measure result which is useful concerns the case

of a determinitic matrix evaluated in the direction of a random vector. For
instance if (Xi)1≤i≤N have sub-Gaussian tails in the sense that for all p ∈ N∗

max
i

E[|Xi|p] ≤ Kppp/2

and E[Xi] = 0, Hanson-Wright inequalities provide exponential bounds :

P
(
|〈X,AX〉 − EX [XAXT ]| > t

)
≤ 2e

−cmin{ t2

K4‖A‖2
F

, t
‖A‖K2 } (63)

where ‖A‖2F =
∑
|Aij |2, ‖A‖ = sup‖x‖2=1 |〈Ax, x〉|. This kind of control can be

retrieved by using Herbst argument or Talagrand’s result. Indeed, it is enough
to prove it for A ≥ 0 and then one can use that X → (XAXT )1/2 is Lipschitz
with norm ‖A‖1/2. Or that X→XAXT is Lipschitz on {‖X‖22/N ≤ K} with
norm 2

√
N‖A‖K, use the fact that you can extend a Lipschitz function, see [?,

section 5.4], to deduce that

P
(
{|〈X,AX〉 − EX [1‖X‖22≤KNXAX

T ]| > δ
√
NK‖A‖} ∩ {{‖X‖22/N ≤ K}

)
≤ e−cδ

2

One then uses again these arguments to find that since E[‖X‖22] = N

P
(
‖X‖22 ≥ (K + 1)N

)
≤ e−cK

2N

The result follows by optimizing over the choice of K.

1.2.3 Convergence of the Stieltjes transform

We therefore from now on can prove the convergence of E[GN (z)] instead of
GN (z) since the function (z − .)−1 has finite total variation.
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The main idea in the proof is that the convergence and fluctuations of the
term αTi (zIN−1 −X

(i)
N )−1αi in terms of GN will provide the convergence and

fluctuations of GN (z). To this end let us write

αTi (X
(i)
N − zIN−1)−1αi =

∑
j 6=k

αi(j)αi(k)(X
(i)
N − zIN−1)−1

jk +
∑
j

|αi(j)|2(X
(i)
N − zIN−1)−1

jj

= : O(z) +D(z).

(64)

span

We first observe that the off diagonal terms O(z) will always be neglectable

Lemma 1.16. Under the assumptions of the theorem, for all ε > 0, for any
matrix C such that N−1 TrCCT is bounded independently of N

lim
N→∞

P

∣∣∣∣∣∣
∑
j 6=k

αi(j)αi(k)Cjk

∣∣∣∣∣∣ ≥ ε
 = 0 . (65)

Proof. In fact, with probability going to 1 we may assume that all the Aij ,
1 ≤ j ≤ N in the decomposition X = A + B are zero so that the variance of
αi can be assumed to be much smaller than N−1/2. But then Tchebychev’s
inequality and independence yields

P

∣∣∣∣∣∣
∑
j 6=k

αi(j)αi(k)Cjk

∣∣∣∣∣∣ ≥ ε
 ≤ 1

ε2

∑
j,k

E[|αi(j)|2]2C2
jk �

1

ε2N
Tr(CCT ) (66)

which proves the claim. �
We hence need only to focus on the diagonal term D(z) and consider the equa-
tion

(z −X)−1
ii =

1

z −
∑
j 6=i |αi(j)|2(z −X(i))−1

jj + εNi (z)
(67)

with some εNi (z) going to zero in probability with N going to infinity. Recall
that

√
Nαi(j) belongs to L2+ε. In this case, LLN insures that

lim
N→∞

∑
j

|αi(j)|2(X
(i)
N − zIN−1)−1

jj −
1

N

∑
j

(X
(i)
N − zIN−1)−1

jj

 = 0 a.s.

(68)
Hence, we see that

(z −X)−1
ii =

1

z − 1
N Tr(z −X(i))−1 + εni (z)′

(69)

where εni (z)′ goes to zero in probability. Finally, by (??), we see that∣∣∣∣ 1

N
Tr(z −X(i))−1 − 1

N
Tr(z −X)−1

∣∣∣∣ ≤ 2

N=z
. (70)
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Therefore
E[GN (z)] ' 1

z − E[GN (z)]
(71)

which implies, since we know that E[GN (z)] goes to zero as =z goes to infinity,
that

E[GN (z)] ' z −
√
z2 − 4

2
. (72)

This proves the claim.

1.3 Pastur-Marchenko’s theorem and Stieltjes transform
Let WN = 1

NXT
NXN with (X(i, j)) 1≤i≤M

1≤j≤N
independent centered entries with

covariance 1. To simplify we assume they have the same distribution and are
real valued (eventhough the proofs generalized readily to complex entries and
different distributions provided they are centered and with covariance one). We
assume throughout that M/N goes to α and assume α ≤ 1 without loss of
generality. Let µ̂N be the spectral measure of WN .

Theorem 1.17. Assume that the Xij have finite 2 + ε moment. Almost surely
µ̂N converges towards µα given by

µα(dx) =
1

2παx

√
(λ+ − x)(x− λ−)dx

where λ± = α(1±
√
α
−1

)2. µα is the unique measure with Stieltjes transform

Gµα(z) =
1

2z
(z + 1− α−

√
(z + 1− α)2 − 4z) .

We shall prove a generalization of this theorem for the matrix P ×P matrix

VN =
1

P
STXT

NXNS

for a deterministic N ×P matrix S. Observe that the eigenvalues of VN are the
same than those of the N ×N matrix

WN =
1

P
XNSS

TXT
N

except for |N − P | eigenvalues equal to zero. In particular we can replace S by
the self-adjoint N ×N matrix (SST )1/2 without changing the spectrum except
for some trivial null eigenvalues. This section is inspired from Bai-Silverstein [?].
In view of the next section where we generalize our approach to questions from
statistical learning we stick with the slightly more complicated set up following
Couillet-Louart-Liao [?] which give the conbvergence of the resolvent for the
operator norm. We assume that the vectors Xi = (Xij)j are independent,
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centered with covariance one and such that we have the following concentration
of measure: there exists p > 1 for any deterministic matrix A

P
(
|〈X,AX〉 − EX [XAXT ]| > δtmax{‖A‖F , ‖A‖}

)
≤ 1

tp
(73)

This is slightly stronger than what we get when the Xij have moments 2 + ε.
Finite and constant fourth moment is enough for p = 2. This is true if X have
the sub-Gaussian tails so that Hanson-Wright inequalities (??) apply. Let for
z ∈ C+

RN (z) = (z − VN )−1, GN (z) =
1

P
Tr(RN (z)), .

Theorem 1.18. Under the above assumption, assume that Φ = STS is uni-
formly bounded and that P,N,M are of the same order. Then

lim
N→∞

‖RN (z)− (z − Φ((
M

P
− 1 + zGS(z))−1‖∞ = 0 a.s.

where GS is the unique solution from C+ into (1− α)/z + αGS(z) ∈ C− of

GS(z) =
1

P
Tr((z − Φ(

M

P
− 1 + zGS(z)))−1) .

Remark 1.19. • If S = Id, and M/N going to α we find that G = GId is
solution of

G(z) = (z − 1 + α− αzG(z))−1

yiielding

G(z) =
1

2αz
(z + α− 1−

√
(z + α− 1)2 − 4αz)

as announced

• In [?], a precise speed of convergence of the operator norm is bounded by
N−1/2+ε for some ε > 0.

Let GN (z) = 1
P Tr(z −VN )−1. First observe that the conclusion of Lemma

?? holds (has VN is the sum of independent rank one projections since T is
diagonal), so that since ‖(z − .)−1‖TV ≤ 1

|=z| , we know that

P
(
|GN (z)− E[GN (z)]| ≥ δ 1

|=z|

)
≤ e−Pcδ

2

Hence, we need only to show the convergence E[GN (z)] to deduce by Borel-
Cantelli Lemma the almost sure convergence of GN . Moreover, notice that
GN (z) is a sequence of analytic functions which is uniformly bounded on =z ≥ ε.

Denote by RN (z) = (z −VN )−1 the resolvent and write VN = 1
P

∑M
i=1 v

T
i vi

with vi = (WS)i. Observe that the vi are independent. We want to approximate
E[RN (z)] by using the decomposition

RN (z)VN =
1

P

M∑
i=1

(z − VN )−1vTi vi

18



and use the identity

(A+ tvvT )−1v =
A−1v

1 + t〈v,A−1v〉
(74)

with A = z − ViN ,ViN = 1
N

∑
j 6=i v

T
j vj , v = vi and t = −1/N . This gives

− 1 + zRN (z) = RN (z)VN =
1

P

M∑
i=1

1

1− 1
N 〈v

T
i , (z − ViN )−1vTi 〉

(z −ViN )−1vTi vi

(75)
Hereafter we denote by δzi = 1

N 〈v
T
i , (z−ViN )−1vTi 〉 and δz = E[ 1

N Tr(ΦRN (z))].
We will use later that δzi goes to δz by (??). Taking the the expectation we
deduce that if α = M/P

zE[RN (z)]− I = E[
1

P

M∑
i=1

1

1− δzi
(z − ViN )−1vTi vi]

= E[
1

P

M∑
i=1

1

1− δz
(z − ViN )−1vTi vi] + E[

1

P

M∑
i=1

(
1

1− δiz
− 1

1− δz
)(z − ViN )−1vTi vi]

= E[
1

P

M∑
i=1

1

1− δz
E[(z − ViN )−1]Φ] + E[

1

P

M∑
i=1

(
1

1− δiz
− 1

1 + δz
)(z − ViN )−1vTi vi]

=
α

1− δz
E[RN (z)]Φ + εN (z) (76)

where we used E[vTi vi] = Φ and that ViN is independent of vi. We have set :

εN (z) = ε1
N (z) + ε2

N (z)

with

ε1
N (z) = E[

1

P

M∑
i=1

(
1

1− δiz
− 1

1− δz

)
(z − ViN )−1viv

T
i ]

ε2
N (z) = E[

1

P

M∑
i=1

1

1− δz
((z − ViN )−1 − (z − VN )−1)Φ]

We will prove that the operator norm of εN (z) is small at the end of the section.
Then, solving the above equation we find that

(z − αΦ

1− δz
)E[RN (z)] = I + εN (z)

so that
E[RN (z)] = (z − αΦ

1− δz
)−1(I + εN (z))
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where we noticed that =δ(z) ≤ 0 implies that since Φ is non-negative z − αΦ
1+δz

is invertible. This implies that

E[GN (z)] =
1

P
Tr(E[RN (z)]) =

1

P
Tr(z − αΦ

1− δz
)−1 + ε1

N (z)

for ε1
N going to zero. We finally can find that δz satisfies the approximate

implicit equation:

δz =
1

P
Tr(E[RN (z)]Φ) =

1

P
Tr(Φ(z − α Φ

1− δz
)−1(I + εN (z)))

which shows that δz approximately satisfies the equation

δz =
1

P
Tr(Φ(z − α Φ

1− δz
)−1) + ε2

N (z)

= −1− δz
α

+
1− δz
α

z
1

P
Tr((z − α Φ

1− δz
)−1) + ε2

N (z)

= −1− δz
α

+
1− δz
α

zE[GN (z)] + ε2
N (z)

Solving this linear equation yields

δz =
−1 + zE[GN (z)]

−1 + α+ zE[GN (z)]
+ ε3

N (z) .

Here we notice that zE[GN (z)]− 1 = E[ 1
P Tr(VN (z − VN )−1] belongs to C− as

VN is non-negative and hence −1 + α + zE[GN (z)] is invertible. Therefore we
arrive to the equation on E[GN (z)]:

E[GN (z)] =
1

P
Tr(z − Φ(−α+ 1 + zE[GN (z)]))−1 + ε4

N (z)

with ε4(z) small if 1
N Tr(εN (z)2) goes to zero, and a fortiori if its operator norm

goes to zero. Hence, we see

E[GN (z)] = Ψ(z,E[GN (z)])) + ε4
N (z)

as the solution of an approximate fixed point equation. Because =(zE[GN (z)]) ≤
0 and Φ is non-negative and bounded we find

|Ψ(z, x)−Ψ(z, x′)| ≤ ‖Φ‖∞
|=z|2

|x− x′|

Insuring by the implicit function theorem that for |=z|2 > ‖Φ‖∞ there ex-
ists a unique solution GS going to zero at infinity to the equation GS(z) =
Ψ(z,GS(z)). Moreover

|E[GN (z)]−GS(z)| ≤ (1− ‖Φ‖∞
|=z|2

)−1ε4
N (z)
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goes to zero. This proves the convergence for large =z as wished. But then GS ,
as the limit of uniformly bounded analytic functions, is uniquely defined C+ by
the above equation.

We finally show that εN is small in norm. By our assumption, we know that
|δiz − δz is small uniformly with large probability.

For the first term in εN (z) we apply backward (??) to find by symmetry
over the indices that if δi(z) = 1

N 〈v
T
i , (z − ViN )−1vTi 〉

ε1
N (z) =

1

1 + δz

1

N

N∑
i=1

E[(δi(z)− δz)RN (z)viv
T
i ] = E[RN (z)

1

N

∑
(δiz − δz)vivTi ]

By Hanson-Wright inequality

max
i
|δiz − δz| ≤ N−1/2+ε

with probability greater than 1 − e−N
2ε

. Since the norm of
∑

(δiz − δz)viv
T
i

is bounded by max |(δiz − δz)|
∑N
i=1 ‖vi‖22 which is at most of order N2 we can

neglect what happens on the set maxi |δiz − δz| ≥ KN−1/2+ε. On the com-
plementary we claim that KN (z) = RN (z) 1

N

∑
(δiz − δz)viv

T
i is bounded by

N−1/2+ε. Indeed for any unit vector u, using Cauchy-Schwartz inequality we
find

〈u,KN (z)KN (z)Tu〉 =
1

N2

∑
i,j

(δiz − δz)(δjz − δz)〈u, vi〉〈u, vj〉〈vi, RN (z)RN (z)T vj〉

≤ N−1+2ε 1

N2

∑
i,j

|〈u, vi〉|2|〈u, vj〉|2
∑
i,j

〈vi, RN (z)RN (z)T vi〉〈vj , RN (z)RN (z)T vj〉

2

≤ N−1+2ε 1

N2

∑
i

〈vi, RN (z)RN (z)T vi〉

= N−1+2ε 1

N
Tr(RN (z)RN (z)TVN ) ≤ N−1/2+ε 1

=z
(1 +

|z|
=z

)

We bound ε2 by using (??) again

E[
1

N

N∑
i=1

((z − ViN )−1 − (z − VN )−1)Φ] = E[
1

N2

N∑
i=1

((z − ViN )−1viv
T
i (z − VN )−1)Φ]

= E[
1

N2

N∑
i=1

(1 + δiz)(z − VN )−1viv
T
i (z − VN )−1Φ]

Using that (z−VN )−1)Φ is bounded as well as 1
N

∑N
i=1(1+δiz)((z−VN )−1viv

T
i

completes the proof.
Notice that in fact uniqueness of the fixed point equation can be proven on

the whole half plan C+ by a more careful analysis.
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1.4 Applications to statistical learning
Take a model with to an input data x ∈ RN one associates the vector σ(W.x) =
(σ(〈Wi, x〉))1≤i≤M for some weights (Wij) 1≤i≤M

1≤j≤N
. The output is βTσ(W.x) Being

given inputs x1, . . . , xT and outputs y1, . . . yT one wishes to find a matrix β
minimizing

1

T

T∑
i=1

‖βTσ(Wxi)− yi‖22 + γ‖β‖2F

where ‖β‖2F =
∑
β2
ij It is not hard to see that the minimizer is given if Σij =

σ(Wi.xj) by

βT =
1

T
Σ(

1

T
ΣTΣ + γI)−1Y T

The mean-square error is then given by

E =
1

T
‖Y T−ΣTβ‖2F =

γ2

T
Tr(Y TY (γ+

1

T
ΣTΣ)−2) = −γ2∂γTr(Y TY (γ+

1

T
ΣTΣ)−1

We recognize in the right hand side the resolvant of ΣΣT . Imagine for a minute
that σ is linear and Wij are i.i.d. Then we are exactly in the previous configu-
ration with P with column vectors (xk)1≤k≤T . Because we saw in the previous
section that the resolvent is close to ( nT

Φ
1−δ + γ)−1 we can compute the asymp-

totics of E. The main point of [?] is to show that this result continues to hold
even when σ is non-linear under appropriate assumptions that we now state.

• The Wij are Gaussian, or image of Gaussians by Lipschitz functions (en-
tries satisfying log-Sobolev inequalities should be fine)

• σ is Lipschitz

• M/N, T/N are finite

• The norm of the matrix with entries xk(i) is bounded , the outputs yk(i)
are uniformly bounded

Then the same result holds as follows

Theorem 1.20 (Couillet-Liao-Louart [?]). Let

Φ = E[σ(wTX)Tσ(wTX)]

. Then
‖E([

n

T

Φ

1 + δγ
+ γIT )−1 −Q‖ ≤ n−1/2+ε

where
Q = (

1

T
ΣTΣ + γIT )−1

if δγ is, for γ > 0, the unique solution in C+ of

δγ =
1

T
TrΦ(

n

T

Φ

1 + δγ
+ γIT )−1
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A remarkable point of this theorem is that it does depend on σ only through
Φ so that there is a kind of universality in this result. The proof is exactly
the same as before since when we expend along line we still have independence
as soon as we have the appropriate concentration of measure results. In fact,
assuming that theWij are Gaussian, image of Gaussians by a Lipschitz function
ϕ or satisfy Lo-Sobolev inequality, we have for all A with norm bounded by one

P
(∣∣∣∣〈 1

T
σ(w.X)Aσ(wX)T − 1

T
Tr(ΦA)

∣∣∣∣ ≥ t) ≤ Ce− cT

‖X‖2‖ϕ‖2
L
‖σ‖2

L

min(t2/t20,t)

This is due to the general concentration statement that if f is Lipschitz

‖P (|f(w)− E(f(w))| ≥ t‖f‖L) ≤ e−ct
2

Here ‖f‖L = supx 6=y ‖f(x) − f(y)‖2/‖x − y‖2. It remains to show that w →
1
T σ(w.X)Aσ(wX)T is Lipschitz. But

| 1
T
σ(w.X)Aσ(wX)T− 1

T
σ(w′.X)Aσ(w′X)T | ≤ 2√

T

1√
T
‖σ(w,X)‖2‖X‖2‖w−w′‖2

is Lipschitz only on 1√
T
‖σ(w.X)‖2 ≤ K. But 1√

T
‖σ(wX)‖2 is Lipschitz with

constant ‖σ‖L‖X‖. Hence we get

P
(∣∣∣∣ 1√

T
‖σ(wX)‖2 − E[

1√
T
‖σ(wX)‖2]

∣∣∣∣ ≥ δ) ≤ e−cδ2T
We can then use concentration conditionnally to a set (see e.g [?, section 5.4])
to conclude. Note that similar results could be derived if the Wij would be
bounded by using Talagrand’s concentration of measures.

2 Extreme eigenvalues and signal detection
Notice that the largest eigenvalue of a random matrix has to be asymptotically
larger than its the right border of the limiting spectral measure. However it
may a priori be much larger. We expect in general that matrices with enough
randomness will have eigenvalues which stick to the bulk.

2.1 Eigenvalues stick to the bulk
This was first proven for Wigner’s matrices by Kömlos and Furedi [?] by using
the methods of moments. We sketch this approach briefly as later we will prove
more precise large deviation results:

Theorem 2.1. Take (Xij)1≤i≤j≤N be real independent, centered, with variance
one. Assume that E[X2k

ij ] ≤ kck for all integer numbers. Let XN be the N ×N
matrix with entries Xij/

√
N and denote by λmax its largest eigenvalue. Then

lim
N→∞

λmax = 2 a.s.
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Proof. We have already seen that the empirical measure µXN
converges almost

surely towards the semi-circle law. Since this is not possible on λmax ≤ 2 − ε
we deduce that

lim inf
N→∞

λmax ≥ 2 a.s

Proving the upper bound is more tricky and the method of moments gives the
easiest approach when possible. In fact we notice that

P(λmax ≥ 2 + ε) ≤ (2 + ε)2k

E
[λ2k
max] ≤ 1

(2 + ε)2k
E[ Tr(X2k

N )]

Assume we can show that

E[ Tr(X2k
N )] ≤ N4k(1 + (kc/N)k) (77)

for some finite c. Then we deduce that

P(λmax ≥ 2 + ε) ≤ N(
2

2 + ε
)2k(1 + (kc/N)k)

If kc << N and k � lnN we see that the above right hand side goes to zero
faster than 1/N2 hence yielding the announced convergence by Borel-Cantelli
lemma. The main point is hence to show (??). We can again write

E[ Tr(X2k
N )] =

1

Nk

∑
i1...i2k

E[Xi1i2 · · ·Xi2ki1 ]

We will show that the main order is given by indices whose corresponding graph
is a rooted planar tree for k growing to infinity sufficiently slowly. This was
shown in [?] for k ≤<<

√
N (which is enough for us), see also [?, ?]. We provide

for completeness the proof of [?] which holds when the distribution of the entries
is symmetric P (−x ∈ .) = P (x ∈ .). We take the normalization E[x2] = 1. To
prove the moment estimates we shall again expand the moments and count
contributing paths, in particular estimate more precisely contributions from
paths that are not trees. Yet, the central point of the proof is to show that
these paths give a neglectable contribution. We follow the presentation of [?].

1. Moments expansion. As usual, we write

E[Tr
(
(XN )2s

)
] =

1

Ns

N∑
i0,··· ,i2s−1=1

E[Xi0i1 · · ·Xi2s−1,i0 ]. (78)

We let E denote the set of edges of the graph, i.e the undirected collection
of couples {(ip, ip+1), p = 0, · · · , 2s− 1}. Because we assumed the law of
the Xij ’s symmetric, only indices such that each edge in E appears an
even number of times will contribute. We call a closed path the sequence
P : i0→i1→· · ·→i2s−1→i0. An even path is a closed path where each
edge appears with even multiplicity; they are the only contributing paths.
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2. Descriptions of paths. We will say that the `th step i`−1→i` of a path P
is marked if during the first ` steps of P , the edge {i`−1, i`} appears an
odd number of times (note here that the `th step is counted, and so a step
is marked iff the edge {i`−1, i`} appears an even number of times in the
previous step, in particular if it does not appear). The step is unmarked
otherwise. For even paths, the number of marked and unmarked edges is
equal to s. The complete set of vertices V is the collection {1, · · · , N} of
all possible values of the points (ik, 0 ≤ k ≤ 2s− 1). We say that a vertex
i ∈ V belongs to the subset Nk = Nk(P ) if the number of times we arrive
at i via marked edges equals k. Note that no vertex of the path except i0
can belong to N0. Moreover, Np = 0 for p > s (since there are at most s
edges). Note that if we let nk = ]Nk, since (N0, · · · ,Ns) is a partition of
V,
∑s
k=0 nk = N . Moreover, (N0, · · · ,Ns) also induces a partition of the

edges and hence
s∑

k=0

knk = s.

We say that P is of type (n0, n1, · · · , ns) if nk = ]Nk = ]Nk(P ) for all
k ∈ {0, · · · , s}. We finally say that a path is a simple even path if i0 ∈ N0

and P is of type (N − s, s, 0, · · · , 0). Observe that in a simple even path,
each edge appears only twice (since there are at most s different edges in
P and here exactly s since there are s different vertices in N1). Also, we
see that the graph corresponding to P has exactly s vertices in N1 plus
i0 ∈ N0 and so exactly s + 1 vertices. Hence, the skeleton (V, Ẽ) of the
graph drawn by P satisfies the relation |V | = |Ẽ|+ 1 and hence is a tree.
The strategy of the proof will be to show that simple even paths dominate
the expectation when s = o(

√
N).

3. Contribution of simple even paths. Considering (??), we see that for simple
even paths, E[Xi0i1 · · ·Xi2s−1i0 ] = 1. Moreover, given a simple even path,
we haveN possible choices for i0, N−1 for the first new vertex encountered
when following P , N−2 for the second new vertex encountered etc. Since
we have Cs = (2s)!/s!(s+ 1)! simple even paths (see Property ??), we get
the contribution

CN1 =
1

Ns
N(N − 1) · · · (N − s) (2s)!

s!(s+ 1)!
=

22sN√
πs3

(1 + o1(s,N))

where we have used Stirling’s formula and found

o1(s,N) = − 1

N

s∑
k=1

k +
1

s
≈ s2

2N
+

1

s
.

In the case where i0 6∈ N0 but n1 = s, n2 = 0 · · · , ns = 0, we must have
i0 ∈ N1. This means that we have one cycle and one different vertex less
in the graph of an even path. Note that if we split the vertex i0 into two
vertices, the new vertex being attached to the marked edge, then the old
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i0 belongs to N0 and the new vertex to N1 and we are back to the previous
setting.

There are s possibilities for the position of the marked edge incoming in i0,
but we are loosing N − s possibilities to choose a different vertex. Hence,
the contribution to this term is bounded by

CN2 ≤
s

N − s
E[x4]CN1

where the last term comes from the possibility that one edge attached to
i0 now has multiplicity 4.

4. Contribution of paths that are not simple. If a path is not as in the previous
paragraph, there must be an nk ≥ 1 for k ≥ 2. Let us count the number
of these paths.

Given n0, n1, · · · , ns, we have N !
n0!n1!···ns! ways to choose the values of the

vertices. Then, among the n0 vertices in N0, we have at most n0 ways to
choose the vertex corresponding to i0 (if i0 ∈ N0).

Being given the values of the vertices, a path is uniquely described if we
know the order of appearance of the vertices at the marked steps, the times
when the marked steps occur and the choice of end points of the unmarked
steps. The moments of time when marked steps occur can be coded by
a Dick path by adding +1 when the step is marked and −1 otherwise.
Hence, there are Cs = (2s)!/s!(s + 1)! choices for the times of marked
steps. Once we are given this path, we have s marked steps. The marked
steps are partitioned into s sets corresponding to the Nk, 1 ≤ k ≤ s, with
cardinality nkk each. Hence, we have s!∏s

k=1(nkk)! possibilities to assign the
sets into which the end points of the marked steps are. Finally, we have
(nkk)!/(k!)nk ways to partition the set Nk into k copies of the same point
of Nk. So far, we have prescribed uniquely the marked steps and the set
to which they belong.

To prescribe the unmarked steps, we still have an indeterminate. In fact,
let us follow the Dick path of the marked steps till the first decreasing
part corresponding to unmarked steps. Let i` be the vertex assigned to
the last step. Then, if i` appeared only once in the past path (in the edge
(i`−1, i`)), we have no choice and the next vertex in the path has to be
i`−1. This is the case in particular if i` ∈ N1. If now i` ∈ Nk for k ≥ 2,
the undirected step (ip, i`) for some ip may have ocured already at most
2k times (since it could occur either as a step (ip, i`) or a step (i`, ip),
the later happening also less than k times since it requires that a marked
step arrived at i` before). We have thus at most 2k choices now for the
next vertex; one of the ip among the at most 2k vertices such that the
step (ip, i`) or (i`, ip) were present in the past path. Once this choice has
been made, we can proceed by induction since this choice comes with the
prescription of the set Nl in which the vertex ip belongs. Hence, since we
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have knk vertices in each set, we see that we have at most
∏s
k=2(2k)knk

choices for the end points of the unmarked steps.

Coming back to (??) we see that if the path is of type (n0, · · · , ns), entries
appear at most nk times with multiplicity 2k for 1 ≤ k ≤ s. Thus Hölder’s
inequality gives

E[Xi0i1 · · ·Xi2s−1i0 ] ≤
s∏

k=1

E[x2k]nk ≤
s∏

k=2

(ck)knk

where we used that E[x2] = 1. This shows that the contribution of these
paths can be bounded as follows.

En0,··· ,ns =
∑

i0,···i2s−1:P of type(n0,··· ,ns)

E[Xi0i1 · · ·Xi2s−1i0 ]

≤ 1

Ns
n0

N !

n0!n1! · · ·ns!
(2s)!

s!(s+ 1)!

s!∏s
k=1(nkk)!

s∏
k=1

(nkk)!

(k!)nk

s∏
k=2

(2k)knk
s∏

k=2

(ck)knk

≤ n0
N(N − 1) · · · (n0 + 1)

Ns

(2s)!

s!(s+ 1)!

1

n1! · · ·ns!
s!∏s

k=1(ke−1)nkk

s∏
k=1

(2ck2)knk

≤ NNN−n0−s (2s)!

s!(s+ 1)!

s!

n1! · · ·ns!

s∏
k=2

(2cek)knk

where we have used that (k!)nk ≥ (ke−1)knk . Since s =
∑s
k=1 knk and

N =
∑
k nk, we have N − n0 − s =

∑s
k=2(1 − k)nk. Using s! ≤ (s)s, we

obtain the bound

En0,··· ,ns ≤ N
(2s)!

s!(s+ 1)!

s∏
k=2

1

nk!
(N1−k(2ceks)k)nk .

We next sum over all ni ≥ 0 so that at least one ni ≥ 1 for i ∈ {2, · · · , s}.
This gives, with γk := N1−k(2ceks)k,

∑
n0,··· ,ns:maxj≥2 nj≥1

En0,··· ,ns ≤ N
(2s)!

s!(s+ 1)!

s∑
k=2

(eγk − 1)
∏
` 6=k

eγ`

≤ N
(2s)!

s!(s+ 1)!
e
∑
`≥2 γ`(

∑
`≥2

γ`)
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where we used that ex − 1 ≤ xex for all x ≥ 0. Note that in the range of
s where s2 ≤ N1−ε, if we choose K big enough so that Kε ≥ 1,∑

`

γ` =
∑

2≤`≤s

N1−`(2ce`s)`

≤ NK(2cesKN−1)2 +N
∑

K+1≤`≤s

(2ces2N−1)`

≤ constant(N−1K2s2 +N(2ceN−ε)K+1) ≤ constantN−ε

goes to zero as N goes to infinity. Thus, we conclude that∑
n0,··· ,ns

En0,··· ,ns ≤ CCN1 N−ε.

Hence, in the regime s2/N going to zero, the contribution of the indices
{i0, · · · , i2s−1} associated with a path of type (n0, · · · , ns) with some nk ≥
1 for some k ≥ 2 is neglectable compared to the contribution of simple
even paths. �

�

It is also possible to prove that eigenvalues stick to the bulk by using Stieltjes
transform. We sketch the result of [?]:

Theorem 2.2. Assume Xij are iid centered with covariance one and finite
fourth moment. Let XN = (Xij) 1≤i≤M

1≤j≤N
with M/N going to α Let Tn be a M ×

M non-negative Hermitian matrix with uniformly bounded norm and spectral
distribution converging µT . Set

VN =
1

N
T

1/2
M XNXT

NT
1/2
M

and assume that the eigenvalues of TM stick to the bulk. Let µα,T be the distri-
bution function with Stieltjes transform solution of

m =

ˆ
1

t(1− α− αzm)− z
dµT (t)

Let [a, b] in the complement of the support of [a, b]. Then

lim
N→∞

P(An eigenvalue of VNbelongs to [a,b]) = 0

Proof. The idea of the proof is to improve upon the previous arguments (which
we will not do here) to show that

lim
N→∞

sup
x∈[a,b],y∈[vN,1]

Ny| 1

N
Tr((x+ iy − VN )−1)−GT (x+ iy)| = 0
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with vN = N−1/68. This is indeed sufficient for our purpose since Green’s
theorem shows (see e.g [?, Proof of Lemma 5.5.5]) that

ˆ
Ψ(t, 0)dµ(t) = <

(ˆ ∞
0

dy

ˆ +∞

−∞
dx

ˆ ˆ
∂̄Ψ(x, y)

t− x− iy
µ(dt)

)
provided Ψ is smooth, compactly supported, so that =Ψ(x, 0) = 0 and such that

∂̄Ψ(x, y) =
1

π
(∂x + i∂y)Ψ(x, y)

is such that |∂̄Ψ(x, y)|/|y| is uniformly bounded, and ∂̄Ψ(x, 0) = 0. When
ψ(x) = Ψ(x, 0) is C` we can even take Ψ such that |∂̄Ψ(x, y)|/|y|` is bounded
by taking Ψ(x, y) =

∑`
i=0 i

`y`ψ(i)(x)χ(y) with χ smooth, compactly supported
on [0, c0], equal to one in the neighborhood of the origin. Thus, if [a, b] is outside
the support of µS and ψ is smooth supported on [a, b]

Nµ̂VN (ψ) = <
(ˆ ∞

0

dy

ˆ +∞

−∞
dx

ˆ
∂̄Ψ(x, y)N(GN (x+ iy)−GT (x+ iy))µ(dt)

)
Cutting the integral on y ∈ [0, vN ] and [vN , c0] and using that on [0, vN ]
|N(GN (x+ iy)−GT (x+ iy))| ≤ 2N/y, we get

|Nµ̂VN (ψ)| ≤ CN
ˆ vN

0

y`−1dy + o(1)

which goes to zero as soon as v`NN goes to zero. Since we can take ψ non negative
and equal to one on [a+ ε, b− ε] we deduce that there are no eigenvalues almost
surely in [a+ ε, b− ε] as N goes to infinity. �

2.2 BBP transition
As we have just seen, showing that eigenvalues stick to the bulk is a quite delicate
property to prove. In fact it can easily be destroyed by small perturbation, for
instance by adding a rank one perturbation. This question was studied first by
Baik-Ben Arous-Péché who studied the eigenvalues of

VγN =
1

N
(1 + γuuT )1/2XNXT

N (1 + γuuT )1/2

for a unit vector u and standard Gaussian entries (Xij) 1≤i≤M
1≤j≤N

. They proved

Theorem 2.3 (BBP transition). [?] Assume M/N goes to α < 1.
• If γ <

√
α, the largest eigenvalue of VγN sticks to the bulk and converges

to (1 +
√
α)2 almost surely.

• If γ >
√
α, the largest eigenvalue of VγN converges towards (1 + γ)(1 + α

γ ).
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.The most general way to prove the theorem follows the following ideas. We
first look for an eigenvalue λ of VγN outside the spectrum of V0

N . It must satisfy

0 = det(λ− VγN )

= det(λ− 1

N
XNXT

N (I + γuuT ))

= det(λ− 1

N
XNXT

N ) det(1− γ(λ− 1

N
XNXT

N )−1XNXT
Nuu

T ))

Since by assumption the first term is non vanishing, we deduce that the second
must vanish which is equivalent to

1 = γ〈u, (λ− 1

N
XNXT

N )−1 1

N
XNXT

Nu〉

For Gaussian entries u can be chosen uniformly distributed on the sphere since
V0
N is invariant under orthogonal conjugation. Then again concentration of

measure shows that

〈u, (λ−XT
NXN )−1XT

NXNu〉 '
1

N
Tr((λ−XT

NXN )−1XT
NXN )

This is true in greater generality and if u is deterministic and the entries of XN

have enough moments, we expect to have such an isotropic law. . From there,
we can use the convergence of the spectral measure of V0

N to see that λ must
satisfy

1

γ
=

ˆ
x

λ− x
dµα = −1 + λG(λ)

The result follows by inverting λ→ λG(λ).
By a similar argument we find that if XN is a Wigner matrix.

Theorem 2.4. Let Xθ
N = XN + θuuT with a fixed unit vector u. Then the

largest eigenvalue converges towards 2 if θ ≤ 1 and towards θ + θ−1 if θ ≥ 1.

The proof is left to the reader. In fact, not only a strong enough finite
perturbation can be detected by outliers but also we can measure the scalar
product of the eigenvectors of these outliers with the original data [?]. We state
the result below for Wigner’s matrices but similar results hold for Wishart

Theorem 2.5. [?] Assume that γ > 1 and let v be the unit eigenvector of Xγ
N

corresponding to the largest eigemvalue λ1 converging towards λ∗ = γ + γ−1.
Let G be the Stieljes transform of the semi-circle law. Then

lim
N→∞

〈u, v〉2 = −G(λ∗)2

G′(λ∗)

The proof easily follows from noticing that

λ1v = Xγ
Nv ⇔ (λ1 −XN )v = γu〈u, v〉
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SInce v is a unit vector, this is equivalent to

v =
(λ1 −XN )−1u

‖(λ1 −XN )−1v‖2

and hence

〈v, u〉2 =
〈u, (λ1 −XN )−1u〉2

〈u, (λ1 −XN )−2u〉
Again, one can check that since λ1 lies away from the eigenvalues of XN , we

have
〈u, (λ1 −XN )−ku〉 ' 1

N
Tr(λ1 −XN )−k

for k = 1, 2. The result follows.

2.3 Applications to signal detection
BBP transition phenomenon was shown to be universal in the sense that it does
not depend much on the distribution of the entries. It shows that data can be
retrieved if it is in some sense stronger than the noise

• If γ >
√
α, signal can be detected and recovered by Principal Component

Analysis.

• If γ <
√
α and the noise is Gaussian,

– No test based on the eigenvalues can reliably detect the signal (Mon-
tanari, Reichman, Zeitouni ’17)

– No test can reliably detect the signal (El Alaoui, Krzakala, Jordan
’18)

2.4 Generalizations
• The BBP transition generalizes to XNXT

N +
∑
γiuiu

T
i

• It generalizes to Wigner matrices.

• The fluctuations around the outliers away from the bulk are Gaussian if
XN has Gaussian entries but non universality can occur [?].

• It generalizes for much more structured randommatrices (see Belinschi,Bercovici,
Capitaine, Capitaine-Donati Martin

• It generalizes to non-Hermitian matrices (Tao, Bordenave-Capitaine)
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3 Large deviations
We have seen in section ?? that the eigenvalues and the empirical measure of
the eigenvalues concentrate. This section deals with the question of estimating
exactly the probability of deviations and we will concentrate on Wigner matrices
even though our statements generalize to Wishart matrices. We first outline
some motivations.

3.1 Motivations from signal detection and landscape of
random functions

• Large deviations estimates can be interesting to test signal detection (see
the article by P. Bianchi, M. Debbah, M. Maida, J.Najim 11’) Assume
that the signa

Σ = (E(YiYj))i,j = σ2Id+ uuT

with u = 0 under (H0), and u 6= 0 under (H1).
The Generalized Likelyhood Ratio is given by

LN =
supσ,u P1(Y |u, σ)

supσ P0(Y |u, σ)
, Pt(Y |u, σ) ∝ e−NTr(Y (σ2+tuuT )−1Y T )

det(σ2 + tuuT )N/2

and one rejects (H0) iff LN > ζN with P0(LN > ζN ) ≤ α. 1− P1(LN <
ζN ) is the power of the test. One finds that

LN = φ(
λK

1
N Tr(Y Y T )

)

so that the test is based on precise estimates of :

P0(
λK

1
N Tr(Y Y T )

> ζN ), P1(
λK

1
N Tr(Y Y T )

< ζN )

which are large deviations estimates.

• Landscape of a spiked tensor (Ben Arous,Song Mei, Andrea Montanari,
Mihai Nica [?] Let

YN = λu⊗k + XN

with aWigner matrixXN . We would like to recover u from the observation
of YN . We can expect (and was shown) that if λ > λc(k) it is possible
to weak;y recover the signal (i.e find a vector whose scalar product with
the signal does not go to zero) by the eigenvector corresponding to the
outlier of YN whereas it is impossible if λ is too small. However, the
maximum likelihood estimator requires to maximize f(σ) = 〈YN , σ

⊗k〉
over unit vectors σ. This is NP-hard for k ≥ 3. To explore the landscape
of f , [?] analyze its volume of critical points:

Crtn,∗(M,E) =
∑

σ:gradf=0

1〈sigma,u〉∈M1f(σ)∈E .
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They get a formula for limn→∞
1
n log Crtn,∗(M,E) thanks to Kac-Rice

formula which implies

E[Crtn,∗(M,E)] =

ˆ
M

Vn(m)E[|det(H)|1H≤01f∈Eφσ(0)(1−m2)−1/2dm

where Vn(m) is the area of the (n-1) dimensional sphere with radius
(1 −m2)1/2, φσ is the density of g at 0 where g = kλmk−1

√
1−m2e1 +√

k/2ng̃n−1 and manly

H = k(k−1)λmk−2(1−m2)e1e
T
1 +
√

(k(k − 1)(n− 1)/2nW−k(λmk
+

1√
2n
Z)I

with a GOE matrix W . Using the large deviation principle of M. Maida
[?] for perturbed GOE allows to estimate the RHS.

3.2 Gaussian ensembles
In this part, we first consider the case where the entries of the matrix XN are
Gaussian, that is the GOE. We denote PN the law of XN,β .

The main advantage of the Gaussian ensembles is that the law of the eigen-
values of these matrices is explicit and rather simple. Namely, we now discuss
the following lemma.

Lemma 3.1. Let X ∈ HN be random with law PN . The joint distribution of
the eigenvalues λ1(X) ≤ · · · ≤ λN (X), has density proportional to

1x1≤···≤xN

∏
1≤i<j≤N

|xi − xj |
N∏
i=1

e−x
2
i /4. (79)

The proof is standard, see e.g [?]. Let us however emphasize the ideas. It is
simply to write the decomposition X = ODO∗, with the eigenvalues matrix D
that is diagonal and with real entries, and with the eigenvectors matrix O (that
is orthogonal). Suppose this map was a bijection (which it is not, at least at
the matrices X that do not possess all distinct eigenvalues) and that one can
parametrize the eigenvectors by N(N−1)/2 parameters in a smooth way (which
one cannot in general). Then, it is easy to deduce from the formula X = ODO∗

that the Jacobian of this change of variables depends polynomially on the entries
of D and is of degree N(N − 1)/2 in these variables. Since the bijection must
break down when Dii = Djj for some i 6= j, the Jacobian must vanish on
that set. When β = 1, this imposes that the polynomial must be proportional
to
∏

1≤i<j≤N (xi − xj). Further degree and symmetry considerations allow to
generalize this to β = 2. We refer the reader to [?] for a full proof, that shows
that the set of matrices for which the above manipulations are not permitted
has Lebesgue measure zero.

We have a similar result for Wishart matrices which gives a joint distribution
of λ1 ≤ · · · ≤ λN if N ≤M given by
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PNW (d`1, · · · , d`N ) = (ZNW )−1|D(`)|
N∏
i=1

λM−Ni e−N
∑N
i=1 `i

N∏
i=1

d`i

Here, D(`) =
∏

1≤i<j≤N (`i−`j). Hence, we will consider the more general type
of distribution

PNV,β(d`1, · · · , d`N ) = (ZNV,β)−1|D(`)|βe−N
∑N
i=1 V (`i)

N∏
i=1

d`i, (80)

for a continuous function V : R→R such that

lim inf
|x|→∞

V (x)

β log |x|
> 1 (81)

and a positive real number β.

3.3 Large deviations for the law of the spectral measure
of Gaussian Wigner’s matrices

In this section, we consider the law of N random variables (`1, · · · , `N ) with law
When V (x) = 4−1βx2, we have seen in Lemma ?? that PN4−1βx2,β is the

law of the eigenvalues of a N × N GOE matrix when β = 1, and of a GUE
matrix when β = 2. The case β = 4 corresponds to another matrix ensemble,
namely the GSE. In view of this remarks and other applications discussed in
Chapter ??, we consider in this section the slightly more general model with
a potential V . We emphasize however that the distribution (??) precludes us
from considering random matrices with independent non Gaussian entries.

We have proved already at the beginning of these notes that the empirical
measure

LN =
1

N

N∑
i=1

δλNi

converges almost surely towards the semi-circular law. Moreover, we studied its
fluctuations around its mean, both by central limit theorem and by concentra-
tion inequalities. Such results did not depend much on the Gaussian nature of
the entries.

We address here a different type of question. Namely, we study the proba-
bility that LN takes a very unlikely value. This was already considered in our
discussion of concentration inequalities, c.f. Section ??, where the emphasis was
put on obtaining upper bounds on the probability of deviation. In contrast, the
purpose of the analysis here is to exhibit a precise estimate on these proba-
bilities, or at least on their logarithmic asymptotics. The appropriate tool for
handling such questions is large deviations theory, and we bring in Appendix
?? a concise introduction to that theory and related definitions and references.

Endow P(R) with the usual weak topology. Our goal is to estimate the
probability PNV,β(LN ∈ A), for measurable sets A ⊂ P(R). Of particular interest
is the case where A does not contain the limiting distribution of LN .
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Define the non-commutative entropy Σ : P(R)→ [−∞,∞], as

Σ(µ) =

ˆ ˆ
log |x− y|dµ(x)dµ(y) . (82)

Set next

IVβ (µ) =

{ ´
V (x)dµ(x)− β

2 Σ(µ)− cVβ , if
´
V (x)dµ(x) <∞

∞, otherwise ,

with cVβ = infν∈m1{
´
V (x)dν(x)− β

2 Σ(ν)}.
(83)

Theorem 3.2. Let LN = N−1
∑N
i=1 δλNi where the random variables {λNi }Ni=1

are distributed according to the law PNV,β, see (??). Then, the family of random
measures LN satisfies, in P(R) equipped with the weak topology, a full large
deviation principle with good rate function IVβ in the scale N2. That is, IVβ :

P(R) → [0,∞] possesses compact level sets {ν : IVβ (ν) ≤ M} for all M ∈ R+,
and

For any open set O ⊂m1 ,

lim inf
N→∞

1

N2
logPNβ,V (LN ∈ O) ≥ − inf

O
IVβ ,

(84)

and
For any closed set F ⊂m1 ,

lim sup
N→∞

1

N2
logPNβ,V (LN ∈ F ) ≤ − inf

F
IVβ .

(85)

The proof of Theorem ?? relies on the properties of the function IVβ collected
in Lemma ?? below. Define the logarithmic capacity of a measurable set A ⊂ R
as

γ(A) := exp

{
− inf
ν∈M1(A)

ˆ ˆ
log

1

|x− y|
dν(x)dν(y)

}
.

Lemma 3.3.

a. IVβ is well defined on m1 and takes its values in [0,+∞].

b. IVβ (µ) is infinite as soon as µ satisfies one of the following conditions

b.1
´
V (x)dµ(x) = +∞.

b.2 There exists a set A ⊂ R of positive µ mass but null logarithmic
capacity, i.e. a set A such that µ(A) > 0 but γ(A) = 0.

c. IVβ is a good rate function.

d. IVβ is a strictly convex function on m1.

e. IVβ achieves its minimum value at a unique probability measure σVβ on R
characterized by

V (x)− β
ˆ

log |y − x|dσVβ (y) = inf
ν∈m1

(ˆ
V dν − βΣ(ν)

)
, σVβ a.s., (86)
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and, for all x except possibly on a set with null logarithmic capacity,

V (x)− β
ˆ

log |y − x|dσVβ (y) ≥ inf
ν∈m1

(ˆ
V dν − βΣ(ν)

)
. (87)

As an immediate corollary of Theorem ?? and of part e. of Lemma ?? we
have the following.

Corollary 3.4 (Second proof of Wigner’s theorem). Under PNV,β, LN converges
almost surely towards σVβ .

Proof of Lemma ?? If IVβ (µ) <∞, since V is bounded below by assumption
(??), Σ(µ) > −∞ and therefore also

´
V dµ < ∞. This proves that IVβ (µ) is

well defined (and by definition non negative), yielding point a.
Set

f(x, y) =
1

2
V (x) +

1

2
V (y)− β

2
log |x− y|. (88)

Note that f(x, y) goes to +∞ when x, y do by (??). Indeed, log |x − y| ≤
log(|x|+ 1) + log(|y|+ 1) implies

f(x, y) ≥ 1

2
(V (x)− β log(|x|+ 1)) +

1

2
(V (y)− β log(|y|+ 1)) (89)

as well as when x, y approach the diagonal {x = y}; for all L > 0, there exist
constants K(L) (going to infinity with L) such that

{(x, y) : f(x, y) ≥ K(L)} ⊂ BL ,

BL := {(x, y) : |x− y| < L−1} ∪ {(x, y) : |x| > L} ∪ {(x, y) : |y| > L}.
(90)

Since f is continuous on the compact set BcL, we conclude that f is bounded
below, and denote bf > −∞ a lower bound. Therefore, since for any measurable
subset A of R,

IVβ (µ) =

ˆ ˆ
(f(x, y)− bf )dµ(x)dµ(y) + bf − cVβ

≥
ˆ
A

ˆ
A

(f(x, y)− bf )dµ(x)dµ(y) + bf − cVβ

≥ β

2

ˆ
A

ˆ
A

log |x− y|−1dµ(x)dµ(y) + inf
x∈R

V (x)µ(A)2 − |bf | − cVβ

≥ −β
2
µ(A)2 log(γ(A))− |bf | − cVβ + inf

x∈R
V (x)µ(A)2

one concludes that if IVβ (µ) < ∞, and A is a measurable set with µ(A) > 0,
then γ(A) > 0. This completes the proof of point b.
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We now show that IβV is a good rate function, and first that its level sets
{IβV ≤ M} are closed, that is that IβV is lower semi-continuous. Indeed, by the
monotone convergence theorem,

IVβ (µ) =

ˆ ˆ
f(x, y)dµ(x)dµ(y)− cVβ

= sup
M≥0

ˆ ˆ
(f(x, y) ∧M)dµ(x)dµ(y)− cVβ

But fM = f ∧M is bounded continuous and so for M <∞,

IV,Mβ (µ) =

ˆ ˆ
(f(x, y) ∧M)dµ(x)dµ(y)

is bounded continuous onm1. As a supremum of the continuous functions IV,Mβ ,
IVβ is lower semi-continuous. Hence, by Theorem ??, to prove that {IVβ ≤ L} is
compact, it is enough to show that {IVβ ≤ L} is included in a compact subset
of m1 of the form

Kε = ∩B∈N{µ ∈m1 : µ([−B,B]c) ≤ ε(B)}

with a sequence ε(B) going to zero as B goes to infinity.
Arguing as in (??), there exist constants K ′(L) going to infinity as L goes

to infinity, such that

{(x, y) : |x| > L, |y| > L} ⊂ {(x, y) : f(x, y) ≥ K ′(L)} . (91)

Hence, for any L > 0 large,

µ (|x| > L)
2

= µ⊗ µ (|x| > L, |y| > L)

≤ µ⊗ µ (f(x, y) ≥ K ′(L))

≤ 1

K ′(L)− bf

ˆ ˆ
(f(x, y)− bf )dµ(x)dµ(y)

=
1

K ′(L)− bf
(IVβ (µ) + cVβ − bf )

Hence, with ε(B) = [
√

(M + cVβ − bf )+/
√

(K ′(B)− bf )+] ∧ 1 going to zero

when B goes to infinity, one has that {IVβ ≤ M} ⊂ Kε. This completes the
proof of point c.

Since IVβ is a good rate function, it achieves its minimal value. Let σVβ be a
minimizer. Then, for any signed measure ν̄(dx) = φ(x)σVβ (dx) + ψ(x)dx with
two bounded measurable compactly supported functions (φ, ψ) such that ψ ≥ 0
and ν̄(R) = 0, for ε > 0 small enough, σVβ + εν̄ is a probability measure so that

IVβ (σVβ + εν̄) ≥ IVβ (σVβ )
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which implies
ˆ (

V (x)− β
ˆ

log |x− y|dσVβ (y)

)
dν̄(x) ≥ 0.

Taking ψ = 0, we deduce by symmetry that there is a constant CVβ such that

V (x)− β
ˆ

log |x− y|dσVβ (y) = CVβ , σVβ a.s., (92)

which implies that σVβ is compactly supported (as V (x)− β
´

log |x− y|dσVβ (y)

goes to infinity when x does). Taking φ(x) = −
´
ψ(y)dy, we then find that

V (x)− β
ˆ

log |x− y|dσVβ (y) ≥ CVβ (93)

Lebesgue almost surely, and then everywhere outside of the support of σVβ by
continuity. By (??) and (??) we deduce that

CVβ = inf
ν∈m1

{
ˆ

(V (x)− β
ˆ

log |x− y|dσVβ (y))dν(x)} .

This completes the proof of (??) and (??). The claimed uniqueness of σVβ , and
hence the completion of the proof of part e., will then follow from the strict
convexity claim (point d. of the lemma), which we turn to next.

Note first that we can rewrite IVβ as

IVβ (µ) = −β
2

Σ(µ− σVβ ) +

ˆ (
V − β

ˆ
log |x− y|dσVβ (y)− CVβ

)
dµ(x).

The fact that IVβ is strictly convex comes from the observation that Σ is strictly
concave, as can be checked from the formula

log |x− y| =
ˆ ∞

0

1

2t

(
exp{− 1

2t
} − exp{−|x− y|

2

2t
}
)
dt (94)

which entails that for any µ ∈m1,

Σ(µ− σVβ ) = −
ˆ ∞

0

1

2t

(ˆ ˆ
exp{−|x− y|

2

2t
}d(µ− σVβ )(x)d(µ− σVβ )(y)

)
dt.

Indeed, one may apply Fubini’s theorem when µ1, µ2 are supported in [− 1
2 ,

1
2 ]

since then µ1 ⊗ µ2(exp{− 1
2t} − exp{− |x−y|

2

2t } ≤ 0) = 1. One then deduces the
claim for any compactly supported probability measures by scaling and finally
for all probability measures by approximations. The fact that for all t ≥ 0,

ˆ ˆ
exp{−|x− y|

2

2t
}d(µ− σVβ )(x)d(µ− σVβ )(y)
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=

√
t

2π

ˆ +∞

−∞

∣∣∣∣ˆ exp{iλx}d(µ− σVβ )(x)

∣∣∣∣2 exp{− tλ2

2
}dλ

therefore entails that Σ is concave since µ→
∣∣∣´ exp{iλx}d(µ− σVβ )(x)

∣∣∣2 is con-
vex for all ` ∈ R. Strict convexity comes from the fact by the Cauchy-Schwarz
inequality, Σ(αµ+ (1−α)ν) = αΣ(µ) + (1−α)Σ(ν) if and only if Σ(ν − µ) = 0
which implies that all the Fourier transforms of ν−µ are null, and hence µ = ν.
This completes the proof of part d and hence of the lemma. �
Proof of Theorem ??: To begin, let us remark that with f as in (??),

PNV,β(d`1, · · · , d`N ) = (Zβ,VN )−1e−N
2
´
x 6=y f(x,y)dLN (x)dLN (y)

N∏
i=1

e−V (`i)d`i.

Hence, if µ→
´
x6=y f(x, y)dµ(x)dµ(y) was a bounded continuous function, the

proof would follow from a standard Laplace method (see Theorem ?? in the
appendix). The main point will be therefore to overcome the singularity of this
function, with the most delicate part being overcoming the singularity of the
logarithm.

Following Appendix ?? (see Corollary ?? and Definition ??), a full large
deviation principle can be proved by proving that exponential tightness holds,
as well as estimating the probability of small balls. We follow these steps below.

- Exponential tightness Observe that by Jensen’s inequality,

logZβ,VN ≥ N log

ˆ
e−V (x)dx

−N2

ˆ (ˆ
x 6=y

f(x, y)dLN (x)dLN (y)

) N∏
i=1

e−V (`i)d`i´
e−V (x)dx

≥ −CN2

with some finite constant C. Moreover, by (??) and (??), there exist constants
a > 0 and c > −∞ so that

f(x, y) ≥ a|V (x)|+ a|V (y)|+ c

from which one concludes that for all M ≥ 0,

PNV,β

(ˆ
|V (x)|dLN ≥M

)
≤ e−2aN2M+(C−c)N2

(ˆ
e−V (x)dx

)N
.

Since V goes to infinity at infinity, KM = {µ ∈m1 :
´
|V |dµ ≤M} is a compact

set for all M < ∞, so that we have proved that the law of LN under PNV,β is
exponentially tight.

-Large deviation upper bound d will denote the Dudley metric, see (??). We
prove here that for any µ ∈m1, if we set P̄NV,β = Zβ,VN PNV,β

lim
ε→0

lim sup
N→∞

1

N2
log P̄NV,β (d(LN , µ) ≤ ε) ≤ −

ˆ
f(x, y)dµ(x)dµ(y). (95)
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For any M ≥ 0, the following bound holds

P̄NV,β (d(LN , µ) ≤ ε)

≤
ˆ
d(LN ,µ)≤ε

e−N
2
´
x 6=y f(x,y)∧MdLN (x)dLN (y)

N∏
i=1

e−V (`i)d`i.

Since under the product Lebesgue measure, the `i’s are almost surely distinct,
it holds that LN ⊗ LN (x = y) = N−1, P̄NV,β almost surely. Thus, we deduce for
all M ≥ 0, with fM (x, y) = f(x, y) ∧M ,

ˆ
fM (x, y)dLN (x)dLN (y) =

ˆ
x 6=y

fM (x, y)dLN (x)dLN (y) +MN−1,

and so

P̄NV,β (d(LN , µ) ≤ ε)

≤ eMN

ˆ
d(LN ,µ)≤ε

e−N
2
´
fM (x,y)dLN (x)dLN (y)

N∏
i=1

e−V (`i)d`i.

Since IV,Mβ (ν) =
´
fM (x, y)dν(x)dν(y) is bounded continuous, we deduce that

lim
ε→0

lim sup
N→∞

1

N2
log P̄NV,β (d(LN , µ) ≤ ε) ≤ −IV,Mβ (µ).

We finally let M go to infinity and conclude by the monotone convergence
theorem. Note that the same argument shows that

lim sup
N→∞

1

N2
logZβ,VN ≤ − inf

µ∈m1

ˆ
f(x, y)dµ(x)dµ(y). (96)

- Large deviation lower bound. We prove here that for any µ ∈m1

lim
ε→0

lim inf
N→∞

1

N2
log P̄NV,β (d(LN , µ) ≤ ε) ≥ −

ˆ
f(x, y)dµ(x)dµ(y). (97)

Note that we can assume without loss of generality that IVβ (µ) < ∞, since
otherwise the bound in trivial, and so in particular, we may and will assume
that µ has no atoms. We can also assume that µ is compactly supported since if
we consider µM = µ([−M,M ])−11|x|≤Mdµ(x), clearly µM converges towards µ
and by the monotone convergence theorem, one checks that, since f is bounded
below,

lim
M↑∞

ˆ
f(x, y)dµM (x)dµM (y) =

ˆ
f(x, y)dµ(x)dµ(y)

which insures that it is enough to prove the lower bound for (µM ,M ∈ R, IVβ (µ) <
∞), and so for compactly supported probability measures with finite entropy.
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The idea is to localize the eigenvalues (λi)1≤i≤N in small sets and to take
advantage of the fast speed N2 of the large deviations to neglect the small
volume of these sets. To do so, we first remark that for any ν ∈ m1 with no
atoms if we set

x1,N = inf

{
x| ν (]−∞, x]) ≥ 1

N + 1

}
xi+1,N = inf

{
x ≥ xi,N | ν

(
]xi,N , x]

)
≥ 1

N + 1

}
1 ≤ i ≤ N − 1,

for any real number η, there exists an integer number N(η) such that, for any
N larger than N(η),

d

(
ν,

1

N

N∑
i=1

δxi,N

)
< η.

In particular, for N ≥ N(d
2 ),{

(λi)1≤i≤N | |λi − xi,N | <
d
2
∀i ∈ [1, N ]

}
⊂ {(λi)1≤i≤N | d(LN , ν) < δ}

so that we have the lower bound

P̄NV,β (d(LN , µ) ≤ ε)

≥
ˆ
∩i{|λi−xi,N |< d

2 }
e−N

2
´
x6=y f(x,y)dLN (x)dLN (y)

N∏
i=1

e−V (λi)dλi

=

ˆ
∩i{|λi|< d

2 }

∏
i<j

|xi,N − xj,N + λi − λj |βe−N
∑N
i=1 V (xi,N+λi)

N∏
i=1

dλi

≥

 ∏
i+1<j

|xi,N − xj,N |β
∏
i

|xi,N − xi+1,N |
β
2 e−N

∑N
i=1 V (xi,N )


×

ˆ
∩i{|λi|<

d
2
}

λi<λi+1

∏
i

|`i − `i+1|
β
2 e−N

∑N
i=1[V (xi,N+λi)−V (xi,N )]

N∏
i=1

dλi


=: PN,1 × PN,2 (98)

where we used that |xi,N − xj,N + λi − λj | ≥ |xi,N − xj,N | ∨ |`i − `j | when
`i ≥ `j and xi,N ≥ xj,N . To estimate PN,2, note that since we assumed that µ
is compactly supported, the (xi,N , 1 ≤ i ≤ N)N∈N are uniformly bounded and
so by continuity of V

lim
N→∞

sup
N∈N

sup
1≤i≤N

sup
|x|≤d

|V (xi,N + x)− V (xi,N )| = 0.
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Moreover, writing u1 = `1, ui+1 = `i+1 − `i,
ˆ
|λi|<

d
2
∀i

λi<λi−1

∏
i

|`i − `i+1|
β
2

N∏
i=1

d`i ≥
ˆ

0<ui<
d

2N

N∏
i=2

u
β
2
i

N∏
i=1

dui

≥
(

d
(β + 2)N

)N( β2 +1)

.

Therefore,

lim
d→0

lim inf
N→∞

1

N2
logPN,2 ≥ 0. (99)

To handle the term PN,1, the uniform boundness of the xi,N ’s and the conver-
gence of their empirical measure towards µ imply that

lim
N→∞

1

N

N∑
i=1

V (xi,N ) =

ˆ
V (x)dµ(x). (100)

Finally since x→ log(x) increases on R+, we notice that
ˆ
x1,N≤x<y≤xN,N

log(y − x)dµ(x)dµ(y)

≤
∑

1≤i≤j≤N−1

log(xj+1,N − xi,N )

ˆ
x∈[xi,N ,xi+1,N ]

y∈[xj,N ,xj+1,N ]

1x<ydµ(x)dµ(y)

=
1

(N + 1)2

∑
i<j

log |xi,N − xj+1,N |+ 1

2(N + 1)2

N−1∑
i=1

log |xi+1,N − xi,N |.

Since log |x − y| is bounded when x, y are in the support of the compactly
supported measure µ, the monotone convergence theorem implies that the left
side in the last display converges towards

´ ´
log |x− y|dµ(x)dµ(x). Thus, with

(??), we have proved

lim inf
N→∞

1

N2
logPN,1 ≥

ˆ
x<y

log(y − x)dµ(x)dµ(y)−
ˆ
V (x)dµ(x)

which concludes, with (??) and (??), the proof of (??).
-Conclusion By (??), for all µ ∈m1,

lim inf
N→∞

1

N2
logZNβ,V ≥ lim

ε→0
lim inf
N→∞

1

N2
log P̄NV,β (d(LN , µ) ≤ ε)

≥ −
ˆ
f(x, y)dµ(x)dµ(y)

and so optimizing with respect to µ ∈m1 and with (??),

lim
N→∞

1

N2
logZNβ,V = − inf

µ∈m1
{
ˆ
f(x, y)dµ(x)dµ(y)} = −cVβ .
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Thus, (??) and (??) imply the weak large deviation principle, i.e. that for all
µ ∈m1,

lim
ε→0

lim inf
N→∞

1

N2
logPNV,β (d(LN , µ) ≤ ε)

= lim
ε→0

lim sup
N→∞

1

N2
logPNV,β (d(LN , µ) ≤ ε) = −IVβ (µ).

This, together with the exponential tightness property proved above completes
the proof of the full large deviation principle stated in Theorem ??. �

Bibliographical Notes The proof of Theorem ?? is a slight generalization
of the techniques introduced in [?] to more general potentials.

3.4 Large deviations of the maximum eigenvalue
We here restrict ourselve to the case where V (x) = βx2/4 and denote in short
PNβ the law of the eigenvalues (λi)1≤i≤N ;

PNβ (dλ1, · · · , dλN ) =
1

ZNβ

∏
1≤i<j≤N

|λi − λj |β
∏

1≤i≤N

e−
βNλ2i

4 dλi

with
ZNβ =

ˆ ∏
1≤i<j≤N

|λi − λj |β
∏

1≤i≤N

e−
βNλ2i

4 dλi.

Selberg (c.f. [?, Theorem 4.1.1] or [?]) found the explicit formula for ZNβ for
any β ≥ 0;

ZNβ = (2π)
N
2 (
βN

2
)−βN(N−1)/4−N2

N∏
j=1

Γ( jβ2 )

Γ(β2 )
. (101)

The knowledge of ZNβ up to the second order will be crucial below, reason
why we will restrict ourselves to quadratic potentials in this section. We could
however generalize our result by using the expansion of ZNβ that we will derive
in chapter ??.

We prove here that (this theorem is taken from [?])

Theorem 3.5. The maximal eigenvalue `∗N = maxNi=1 `i under PNβ , with β ≥ 0,
satisfies the LDP in R with speed N and the GRF

I∗(x) =

{
β
´ x

2

√
(z/2)2 − 1dz, x ≥ 2 ,

+∞, otherwise .
(102)

The next estimate is key to the proof of Theorem ??.

Lemma 3.6. For every M large enough and all N ,

PNβ

(
N

max
i=1
|`i| ≥M

)
≤ e−βNM

2/9 .
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Observe that for any |x| ≥M ≥ 8 and `i ∈ R,

|x− `i|e−
`2i
8 ≤ (|x|+ |`i|)e−

`2i
8 ≤ 2|x| ≤ e x

2

8 .

Therefore, integrating with respect to `1 yields, for M ≥ 8,

PNβ (|`1| ≥M) =
ZN−1
β

ZNβ

ˆ
|x|≥M

dxe−
βx2

4
(N+1)

2

ˆ N∏
i=2

(
|x− `i|e−

`2i
4 −

x2

8

)β
dPN−1

β (`j , j ≥ 2)

≤ e−
β
8NM

2 Z
N−1
β

ZNβ

ˆ
|x|≥M

e−x
2/8dx

ˆ N∏
i=2

(|x− `i|e−`
2
i /4e−x

2/8)dPN−1
β (`j , j ≥ 2)

≤ e−
β
8NM

2 Z
N−1
β

ZNβ

ˆ
e−x

2/8dx

Further, following (??), we compute that

lim
N→∞

1

N
log

ZN−1
β

ZNβ
= −β

4
. (103)

It follows that for any M ≥ 8, for N large enough,

PNβ (
N

max
i=1
|`i| ≥M) ≤ NPNβ (|`1| ≥M) ≤ e−

β
9NM

2

,

and the lemma follows. �
Proof of Theorem ??. I∗(x) is a good rate function since it is a continuous
function (except at x = 2 where it is lower semi-continuous) and it goes to
infinity at infinity. Moreover, with I∗(x) continuous and strictly increasing on
[2,∞[ it suffices to show that for any x < 2,

lim sup
N→∞

1

N
logPNβ (`∗N ≤ x) = −∞ (104)

whereas for any x > 2

lim
N→∞

1

N
logPNβ (`∗N ≥ x) = −I∗(x) . (105)

In fact, from these two estimates and since I∗ increases on [2,∞[, we find that
for all x < y,

lim
N→∞

1

N
logPNβ (`∗N ∈ [x, y]) = − inf

z∈[x,y]
I∗(z),

the above right hand side being equal to −∞ if y ≤ 2, to zero if x ≤ 2 ≤ y
and to I∗(x) if x ≥ 2. By continuity of I∗, we also deduce that we have the
same limits if we take (x, y) instead of [x, y]. Since A = {[x, y], (x, y), x < y} is
a basis for the topology on R, we conclude by Theorem ??.
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Starting with (??), fix x < 2 and f ∈ Cb(R) such that f(y) = 0 for all y ≤ x
whereas

´
fdσ > 0. Note that {`∗N ≤ x} ⊆ {

´
fdLXN = 0}, so (??) follows by

applying the upper bound of the large deviation principle of Theorem ?? for the
closed set F = {µ :

´
fdµ = 0}, such that σ /∈ F . Turning to the upper bound

in (??), fix M ≥ x > 2, noting that

PNβ (`∗N ≥ x) = PNβ (
N

max
i=1
|`i| > M) + PNβ

(
`∗N ≥ x,

N
max
i=1
|`i| ≤M

)
(106)

By Lemma ??, the first term is exponentially negligible for all M large enough.
To deal with the second term, let PN−1

N (` ∈ ·) = PN−1
β ((1 − N−1)1/2` ∈ ·),

LN−1 = (N − 1)−1
∑N
i=2 d`i and

CN :=
ZN−1
β

ZNβ
(1−N−1)N(N−1)/4.

Further, let B(σ, d) denote an open ball in P(R) of radius d > 0 and center
σ, and BM (σ, d) its intersection with P([−M,M ]). Observe that for any z ∈
[−M,M ] and µ ∈ P([−M,M ]),

Φ(z, µ) := β

ˆ
log |z − y|dµ(y)− β

4
z2 ≤ β log(2M) .

Thus, for the second term in (??),

PNβ

(
`∗N ≥ x,

N
max
i=1
|`i| ≤M

)
≤ NCN

ˆ M

x

d`1

ˆ
[−M,M ]N−1

e(N−1)Φ(`1,LN−1)dPN−1
N (`j , j ≥ 2)

≤ NCN

(ˆ M

x

e(N−1) supµ∈BM (σ,d) Φ(z,µ)dz + (2M)NPN−1
N (LN−1 /∈ B(σ, d))

)
(107)

For any h of Lipschitz norm at most 1 and N ≥ 2,

|(N − 1)−1
N∑
i=2

(h((1−N−1)1/2`i)− h(`i))| ≤ 3N−1 N
max
i=2
|`i| .

Thus, by Lemma ??, the spectral measures LN−1 under σN−1 are exponentially
equivalent in P(R) to the spectral measures LN−1 under PN−1

N , so Theorem ??
applies also for the latter). In particular, the second term in (??) is exponentially
negligible as N →∞ for any d > 0 and M <∞ (since it behaves like e−c(d)N2

).
Therefore,

lim sup
N→∞

1

N
logPNβ

(
`∗N ≥ x,

N
max
i=1
|`i| ≤M

)
≤ lim sup

N→∞

1

N
logCN

+ lim
d↓0

sup
z∈[x,M ]

µ∈BM (σ,d)

Φ(z, µ)(108)
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Note that Φ(z, µ) = infη>0 Φη(z, µ) with Φη(z, µ) := β
´

log(|z− y| ∨ η)dµ(y)−
β
4 z

2 continuous on [−M,M ] × P([−M,M ]). Thus, (z, µ) 7→ Φ(z, µ) is upper
semi-continuous, which implies

lim
d↓0

sup
z∈[x,M ]

µ∈BM (σ,d)

Φ(z, µ) = sup
z∈[x,M ]

Φ(z, σ) (109)

With σ supported on [−2, 2], D(z) := d
dzΦ(z, σ) exists for z ≥ 2. Moreover,

D(z) = −β
√

(z/2)2 − 1 ≤ 0. It is shown in [?, Lemma 2.7] that Φ(2, σ) = −β/2.
Hence, for x > 2,

sup
z≥x

Φ(z, σ) = Φ(x, σ) = −1

2
− I∗(x) . (110)

By (??), we deduce that

lim
N→∞

N−1 logCN =
β

2
.

Combining this with (??)–(??) completes the proof of the upper bound for (??).
To prove the complementary lower bound, fix y > x > r > 2 and d > 0, noting
that for all N ,

PNβ (`∗N ≥ x) ≥ PNβ

(
`1 ∈ [x, y],

N
max
i=2
|`i| ≤ r

)
= CN

ˆ y

x

e−`
2
1/4d`1

ˆ
[−r,r]N−1

e(N−1)Φ(`1,LN−1)dPN−1
N (`j , j ≥ 2)

≥ kCN exp
(

(N − 1) inf
z∈[x,y]

µ∈Br(σ,d)

Φ(z, µ)
)
PN−1
N (LN−1 ∈ Br(σ, d))(111)

with k = k(x, y) > 0. Recall that the large deviation principle with speed N2

and good rate function I(·) applies for the measures LN−1 under PN−1
N . It

follows by this LDP’s upper bound that PN−1
N (LN−1 /∈ B(σ, d)) → 0, whereas

by the symmetry of PNβ (·) and the upper bound of (??),

PN−1
N (LN−1 /∈ P([−r, r])) ≤ 2PN−1

β (`∗N ≥ r)→ 0

as N →∞. Consequently,

lim inf
N→∞

1

N
logPNβ (`∗N ≥ x) ≥ 1

2
+ β inf

z∈[x,y]
µ∈Br(σ,d)

Φ(z, µ)

Observe that (z, µ) 7→ Φ(z, µ) is continuous on [x, y] × P([−r, r]), for y > x >
r > 2. Hence, considering d ↓ 0 followed by y ↓ x results with the required lower
bound

lim inf
N→∞

1

N
logPNβ (`∗N ≥ x) ≥ β

2
+ βΦ(x, σ) .
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Exercise 3.7 (suggested by B. Collins). Generalize the proof to obtain the large
deviation principle for the joint law of the kth largest eigenvalues (k finite) with
good rate function given by

I∗(x1, · · · , xk) =

k∑
l=1

I∗(xk)

if x1 ≥ x2 · · · ≥ xk ≥ 2 and +∞ otherwise.

Bibliographical notes This proof is taken from [?].

3.5 LDP for the largest eigenvalue with outliers and com-
plexity of spiked tensor models

Let us now consider the model of GOE matrices with noise

YN = XN + γuuT

for a unit vector u and a GOE matrix XN . Our goal is to prove large deviations
for the law of the largest eigenvalue of this spiked model, see [?].

The distribution of the eigenvalues of YN is given by

dPγN = e−
N
4 Tr(YN−γuuT )2dYN/ZN

Diagonalizing YN = Odiag(λ1, . . . , λN )OT with O Haar on the orthogonal
group, we find

dP γN (λ1, . . . λN ) =

ˆ
e−

N
4 Tr((diag(λ)−γOu(Ou)T )2dO∆(λ)dλ/Z

= e−
N
4

∑
λ2
i IN (λ, γ)∆(λ)dλ (112)

where IN is the spherical integral

IN (diag(λ), γ) =

ˆ
e
N
2 〈Ou,diag(λ)Ou〉dO .

The asymptotics of

JN (X, θ) =
1

N
ln IN (X, θ)

were studied in [?] where it was proved that

Theorem 3.8. [?, Theorem 6]
If (EN )N∈N is a sequence of N ×N real symmetric matrices such that :

• The sequence of empirical measures µ̂NEN weakly converges to a compactly
supported measure µ,
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• There are two reals λmin(E), λmax(E) such that limN→∞ λmin(EN ) = λmin(E)
and limN→∞ λmax(EN ) = λmax(E),

and θ ≥ 0, then :

lim
N→∞

JN (EN , θ) = J(µ, θ, λmax(E)) .

The limit J is defined as follows. For a compactly supported probability
measure we define its Stieltjes transform Gµ by

Gµ(z) :=

ˆ
R

1

z − t
dµ(t) .

We assume hereafter that µ is supported on a compact [a, b]. Then Gµ is a
bijection from R\[a, b] to ]Gµ(a), Gµ(b)[\{0} whereGµ(a), Gµ(b) are taken as the
(possibly infinite) limits of Gµ(t) when t→ a− and t→ b+. We denote byKµ its
inverse and let Rµ(z) := Kµ(z)−1/z be its R-transform as defined by Voiculescu
in [?] (defined on a neighborhood of the origin, but also on ]Gµ(a), Gµ(b)[). In
the sequel, for any compactly supported probability measure µ, we denote by
r(µ) the right edge of the support of µ. In order to define the rate function, we
now introduce, for any θ ≥ 0, and λ ≥ r(µ),

J(µ, θ, λ) := θv(θ, µ, λ)− 1

2

ˆ
log (1 + θv(θ, µ, λ)− θy) dµ(y), (113)

with

v(θ, µ, λ) :=

{
Rµ(θ), if 0 ≤ θ ≤ Hmax(µ, λ) := limz↓λ

´
1

z−ydµ(y),

λ− 1
θ , if θ > Hmax(µ, λ).

An easy proof of Theorem ?? follows by first considering taht EN has only
finitely p + m1 + m2 distincts eigenvalues µi with multiplicities Ni and Ni/N
goes to zero except for i ∈ [1, p]. We then have the following formula :

〈e, ENe〉 =

p+m2∑
i=−m1+1

µiγ
N
i

where we have denoted γNj =
∑
i∈Ij |ui|

2 with Ii = [N1+...+Ni−1, N1+...+Ni].
The vector γN follows a Dirichlet law of parameters β2 (N1−m1

, . . . , Np, . . . Np+m2
),

that is the distribution on Σ = {x ∈ [0, 1]m1+m2+p :
∑m2+p
i=1−m1

xi = 1} given by

dPNα (γ) =
1

ZNα

p+m2−1∏
i=1−m1

γ
β
2Ni
i (1−

p+m2∑
i=−m1

γi)
β
2Np+m2

m2+p−1∏
j=1−m1

dγj

where integration holds over γ−m1
, . . . , γp+m2−1 which are non-negative and

such that
∑
γi ≤ 1. We deduce the following large deviation principle
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Theorem 3.9. Assume that Ni/N converges towards αi for all i ∈ [1, p] and to
zero otherwise. The law of γ ∈ Σ satisfies a large deviation principle with scale
N and good rate function Iα given for for x ∈ Σ by

Iα(x1−m1
, ..., xp+m2

) =
β

2

p∑
i=1

αi log
xi
αi
.

The proof is a direct consequence of Laplace’s method. We deduce Proposi-
tion by Varadhan’s lemma that

lim
N→∞

1

N
logE

[
exp

(
βN

2
θ〈e, ENe〉

)]
=
β

2
sup
γi≥0∑
γi=1

{
θ

p+m2∑
ß=−m1+1

λiγi +

p∑
i=1

αi ln
γi
αi

}

Optimizing the above in γ shows that for θ ≥ 0

I(γp+m2
, θ) = sup

γi≥0∑
γi=1

{
θ

p+m2∑
ß=−m1+1

λiγi +

p∑
i=1

αi ln
γi
αi

}

only depends on λp+m2
, θ and µ = 1

p

∑p
i=1 αiδλi . It is given by

I(γp+m2 , θ) = θλm2+p + (v − λp+m2)Gµ(v)− ln θ −
ˆ

ln |v − x|dµ(x)− 1

where v = λ1 if Gµ(λp+m2
) ≤ θ and v = G−1

µ (θ) if Gµ(λp+m2
) > θ. Here, Gµ

denotes the Cauchy-Stieltjes transform Gµ(z) =
´

(z − x)−1dµ(x).
We finally can deduce the case of continuous spectrum by approximation. It

is then not too difficult to deduce a LDP for λmax under P γN
Theorem 3.10. [?] The law of λmax under P γN follows a large deviation prin-
ciple with speed N and good rate function

Iγ(x) = I(x)− I(γ, x)− inf
y
{I(y)− I(γ, y)}

The proof follows from Varadhan’s lemma after noticing that the empirical
measure of the GOE converges towards the semi-circle law sub-Exponentially:
for κ > 0 small enough

P(d(µ̂XN
, σ) ≥ N−κ) ≤ e−N

1+κ

as well as the fact that the spherical integral is continuous (see [?] for details).
This large deviation principle can be extended [?] to obtain the joint large devi-
ation for the largest eigenvalue and v1(1) = 〈u, vmax〉 if vmax is the eigenvector
corresponding to the largest eigenvalue of YN .

Theorem 3.11. The joint law PN of (λ1, |v1(1)|2) satisfies a large deviations
principle in the scale N and good rate function Iβ. In other words, for any
closed set F of R× [0, 1]

lim sup
N→∞

1

N
logPN ((λ1, |v1(1)|2) ∈ F ) ≤ − inf

F
Iβ .
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and for any open set O of R× [0, 1]

lim inf
N→∞

1

N
logPN ((λ1, |v1(1)|2) ∈ O) ≥ − inf

O
Iβ .

Moreover, Iβ is a good rate function in the sense that it is non-negative and with
compact level sets. Iβ is infinite outside of S = [2,+∞) × [0, 1] and otherwise
given by Iβ(x, u) = β(I(x, u)− infS{I}) where

I(x, u) = I(x)− 1

2
θxu− 1

2
log |1−u| − sup

2≤y≤x
{J(σ, θ(1− u), y)− I(y)} . (114)

Here σ(dx) =
√

4− x2dx/2π is the semi-circle distribution and we denote

I(x) =
x2

4
−
ˆ

log |x− y|dσ(y) .

Moreover, if Gσ(x) =
´

(x − y)−1dσ(y) denote the Cauchy transform of σ, we
have for η ≤ Gσ(x),

J(σ, η, x) =
1

4
η2, (115)

whereas if η > Gσ(x),

J(σ, η, x) =
1

2

(
ηx− 1 + log

1

η
−
ˆ

log |x− y|dσ(y)

)
. (116)

The second largest eigenvalue converges almost surely to the maximizer, y, of
the variational problem (??) defined above.

Studying the minimizers of the rate function, we have more explicit results
on the behavior of the second largest eigenvalue and the component of the
associated eigenvector along w = e1 associated to a given large deviation of the
largest eigenvalue. We in particular see that when θ ≥ 1, conditionally on the
largest eigenvalue of Y being close to x, |〈v1, e1〉|2 converges towards uθ,x below,
whereas if we additionally condition by |〈v1, e1〉|2 being close to u, the second
largest eigenvalue of Y pops out of the semi-circle iff u < 1− 1/θ, and is equal
to min{θ(1− u) + 1

θ(1−u) , x}.

Proposition 3.12. Conditionally on the largest eigenvalue of Y being close to
x, |〈v1, e1〉|2 is close to the minimizer of v → Iβ(x, v). Moreover, conditionally
on the largest eigenvalue of Y being close to x and |〈v1, e1〉|2 being close to u, the
second largest eigenvalue of Y converges towards the maximizer of Kθ(1−u)(y) =
J(σ, θ(1−u), y)−I(y). Moreover, we have the following characterization of these
optimizers :

• For θ ≥ 1 and x > θ + 1/θ: The minimum of Iβ(x, .), for a given x, is

reached at uθ,x = 1− θx−
√

(θx)2−4θ2

2θ2 . The maximizer of Kθ(1−u) pops out
of the semicircle for u < 1− 1/θ, and is equal to y(u) = θ(1−u) + 1

θ(1−u) .
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• For θ ≥ 1 and 2 ≤ x < θ+1/θ: The minimum of Iβ(x, .) is reached at uθ,x.
The maximizer of Kθ(1−u) pops out of the semicircle for u < 1− 1/θ, and
is equal to inf(y(u), x), i.e. it increases when u decreases until reaching
the value x.

• For θ < 1 and x ≥ 2: The minimum of the large deviation function Iβ(x, .)
is taken at u = 0, if uθ,x is not positive, or at uθ,x otherwise. The latter
case corresponds to large enough values of x (x ≥ θ+1/θ). The maximizer
of Kθ(1−u) sticks to two.

The proof of Theorem ?? is based on the remark that again we can compute
the joint law of (v1(1)2, λ1). Indeed, the law of YN = XN + γuuT is given by

dPN (Y ) =
1

ZN
exp

{
−N

4
Tr(Y − θwwT )2

}
dY =

1

Z̃N
exp

{
−N

4
TrY 2 +

N

2
θ〈w, Y w〉

}
dY .

Therefore, since 〈w, Y w〉 =
∑
λi|vi(1)|2 when w = e1, the joint law of (λ1, |v1(1)|2)

is given by

dPN (x, u) =
1

Z̄N
e−

N
4 x

2+N
2 θxu

ˆ N∏
i=2

|x− λi|IN (λ, θ, u)dP xN−1(λ)dxdB1(u)

(117)
where we denoted

IN (λ, θ, u) = E[e
N
2 θ

∑N
i=2 λi|vi(1)|2 ||v1(1)|2](u) (118)

and E[.||v1(1)|2](u) is the expectation on {|vi(1)|, i ≥ 2} conditionally to {|v1(1)|2 =
u}. dB1(u) is the distribution of |v1(1)|2. Moreover, P xN−1 is the positive mea-
sure given by

dP xN−1(λ) =
1

Z∞N−1

∏
2≤i<j≤N

|λi − λj |e−
N
4

∑N
i=2 λ

2
i

N∏
i=2

1λi≤xdλi ,

where Z∞N−1 is independent of x and such that P∞N is a probability measure :

Z∞N−1 =

ˆ ∏
2≤i<j≤N

|λi − λj |e−
N
4

∑N
i=2 λ

2
i

N∏
i=2

dλi .

Our main goal is to estimate the density of PN when N is large and to
apply Laplace’s method. We infer from concentration inequalities that with
µ̂N−1 = 1

N−1

∑N
i=2 δλi

sup
x>2

lim sup
N→∞

1

N
logP xN−1

(
d(µ̂N−1, σ) > N−κ

′
)
≤ lim sup

N→∞

1

N
logP∞N−1

(
d(µ̂N−1, σ) > N−κ

′
)

= −∞ . (119)
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Here, d denotes the Dudley distance and κ′ belongs to (0, 1
10 ) (see [?, Lemma

6.1] for details). We deduce that for x > 2 (the singularity of the log can be
overcome as in [?]), with probability greater than 1− e−MN for all M > 0,

N−1∏
i=1

|x− λi| = eN
´

log |t−x|dσ(t)+o(N) , (120)

i.e. we can replace the empirical distribution µ̂N−1 by its limit. To estimate the
other terms, we first observe that since (vi(1))1≤i≤N is uniformly distributed on
the sphere with radius one, we can represent (vi(1))1≤i≤N as

vi(1) =
gi

(
∑N
i=2 |gi|2 + |g1|2)1/2

(121)

with independent standard Gaussian variables gi, 1 ≤ i ≤ N , which are real
when β = 1 and complex when β = 2. As a consequence, a simple change of
variables shows that the distribution B1 of |v1(1)|2 is the Beta-distribution

dB1(u) = CNu
β/2−1(1− u)(N−1)β/2−1du (122)

To estimate IN (λ, θ, u), we first determine the distribution of (|vN (1)|2, . . . , |v2(1)|2)
conditionally to |v1(1)|2, again by using (??). In fact, if we fix |v1(1)| and denote
gN−1 = (g2, . . . , gN ), we have

‖g‖22 = ‖gN−1‖22 + |v1(1)|2‖g‖22

so that wi = gi/‖gN−1‖2, 2 ≤ i ≤ N, follows the uniform law on the sphere
SN−2 with radius one and

vi(1) = wi
‖gN−1‖2
‖g‖2

=
√

1− |v1(1)|2wi

Observe that (wi)2≤i≤N is independent of |v1(1)|2. Hence, we conclude that

IN (λ, θ, u) = Ewi,i≥2[e
N
2 βθ(1−u)

∑N
i=2 λi|wi|

2

] . (123)

We next estimate this quantity as in Theorem ??. Hence, all terms can be
estimated and Varadhan’s lemma holds.

3.6 Universality and non universality of LDP’s
So far we have considered large deviations for Gaussian ensembles. Let us
discuss what we know for more general entries in the set up of Wigner matrices.
Bordenave-Caputo [?] and Augeri [?] showed that if the entries have tails heavier
than Gaussian, namely such that

P(|Xij | ≥ t) ' e−aN
α/2tα
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forN and t large, then the law of the empirical measure satisfies a large deviation
but in the scale N1+α/2 whereas the largest eigenvalue satisfies a large deviation
principle in the scale Nα/2. The point is that the best strategy to creat such
deviatioons is to change of order N , respectively a finite number, of entries so
that they are of order one. Large deviations for sub-Gaussians entries are still
unknown in the case of the empirical measure but recent progresses allowed to
understand better what happens for the largest eigenvalue. In [?], it was shown
that such large deviatioons are the same if the entries have “sharp”sub Gaussian
bounds that is that for all t

E[etXij ] ≤ e21i6=j t2
2N

Such a bound is verified for Rademacher variables and uniformly distributed
variables. Note that the covariance is chosen to be axactly the same than for
GOE. Then

Theorem 3.13. The largest eigenvalue satisfies a large deviation principle with
good rate function

I(x) = IGOE(x) =

ˆ x

2

√
y2 − 4dy

In the case where for all t

E[etXij ] ≤ e21i=j At
2

2N

with some A > 1 we proved with F. Augeri that this universality is not true
anymore:

Theorem 3.14. Under additional technical assumptions

• There exists B finite such that for any x > B

lim
δ→0

lim sup
N→∞

1

N
lnP(|λ1 − x| ≤ δ) = −IA(x)

IA ' x2/2A when x→∞. The same holds with the limsup replaced by a
liminf.

• If A < 2 and x→ 1
x2 logE[exXij ] is increasing, the same results holds with

I = IGOE for

x ∈
[
2,

1√
A− 1

+
√
A− 1

]
, IA(x) = IGOE(x).

The proof of these results uses again spherical integrals. Let us give a sketch
of the proof of Theorem ??. It uses a tilt of the measure by spherical integrals:

P(|λmax − x| < δ) = E[
IN (X, θ)

IN (X, θ)
1|λmax−x|<δ]

' e−N(I(σ,θ,x)+o(δ))E[IN (X, θ)1|λmax−x|<δ]

≤ e−N(I(σ,θ,x)+o(δ))E[IN (X, θ)]
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where in the second line we used the continuity of spherical integrals and their
asymptotics. We next compute the expectation of spherical integrals:

EX [IN (X, θ)] = Ee[
∏
i≤j

Ee[e
√
N21i6=j θeiejxij ]

≤ E[
∏
i≤j

e
1
2 θ

221i6=jNe2i e
2
j ]

= e
1
2Nθ

2

where we used that the covariance is 2 on the diagonal (and one outside)
For the lower bound we notice that for κ > 0 small

E[IN (X, θ)] = Ee[
∏
i≤j

EX [e
√
N2−1i=j θeiejxij ]]

≥ Ee[1max |ei|≤N−1/4−κ

∏
i≤j

E[e
√
N2−1i=j θeiejxij ]]

≥ E[1max |ei|≤N−1/4−κ

∏
i≤j

e
1
2 θ

22−1i=jNe2i e
2
j ]

= e
1
2Nθ

2

P(max
i
|ei| ≤ N−1/4−κ)

where we observed in the third line that we can use the expansion of the Laplace
transform at the origin. We conclude the proof by noticing that P(maxi |ei| ≤
N−1/4−κ) goes to one since the ei are typically of order 1/

√
N . Hence

lim
N→∞

1

N
lnEe[IN (X, θ)] =

1

2
θ2

and we have the upper bound

lim sup
δ↓0

lim sup
N→∞

1

N
logP(|λmax − x| < δ) ≤ 1

2
θ2 − I(σ, θ, x)

Optimizing over θ yields

lim sup
δ↓0

lim sup
N→∞

1

N
logP(|λmax − x| < δ) ≤ − sup

θ≥0
{I(σ, θ, x)− 1

2
θ2}

and the above RHS can be seen to be equal to IGOE . To prove the lower bound
we remark that

P(|λmax − x| < δ) = E[
IN (X, θ)

IN (X, θ)
1|λmax−x|<δ]

' e−N(I(σ,θ,x)+o(δ))E[IN (X, θ)1|λmax−x|<δ]

' e−N(I(σ,θ,x)+ 1
2Nθ

2+o(δ))E[IN (X, θ)1|λmax−x|<δ]

E[IN (X, θ)]
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and therefore it is enough to show that there exists θ such that

lim inf
N→∞

E[IN (X, θ)1|λmax−x|<δ]

E[IN (X, θ)]
= 1 .

Let us notice that

E[IN (X, θ)1|λmax−x|<δ]

E[IN (X, θ)]
=

1

E[IN (X, θ)]
Ee[EX [e

N
2 θ〈e,Xe〉]

EX [e
N
2 θ〈e,Xe〉1|λmax−x|<δ]

EX [e
N
2 θ〈e,Xe〉]

]

We shall conclude by proving that

lim inf
N→∞

inf
maxi≤j |

√
Neiej |≤N−1/4

EX [e
N
2 θ〈e,Xe〉1|λmax−x|<δ]

EX [e
N
2 θ〈e,Xe〉]

= 1

provided x = θ + 1
θ . In fact, under the tilted measure

Pθ,e(dX) =
1

EX [e
N
2 θ〈e,Xe〉]

e
N
2 θ〈e,Xe〉

∏
dµ(xij)

X still has independent entries above the diagonal. When maxi≤j |
√
Neiej | ≤

N−1/4 we can easily compute the mean mθ
ij and the variance σθij of the entries

under this tilted law by simply expanding the density: we find that

mθ
ij =

√
N2−1i=jθeiej(1 + o(1)), σθij = 1 + o(1)

Hence under Pθ,e, XN has approximately the law of Xθ
N = YN + θeeT where

YN has the distribution of a standard Gaussian variable. We have seen that
the largest eigenvalue of Xθ

N goes towards θ + 1
θ if θ ≥ 1, which concludes the

proof if we choose θ so that y = θ + 1
θ , that is θ = 1

2 (y +
√
y2 − 4).

3.7 Generalization
• This approach allows to get the LDP also for D + XN provided that D

has no outliers (B. Mc Kenna), to matrices with a more elaborate variance
profile (J. Husson), to the largest eigenvalue of A + UBU∗ (Guionnet-
Maida), it generalizes as well to the pth largest eigenvalues (JW Husson-
Guionnet).

• The LDP for the largest eigenvalue of XN +γeeT for non Gaussian entries
is under investigation.

• The LDP for the spectral measure for Wigner matrices with sub-Gaussian
tails is open. A partial answer was obtained for A+ UBU∗ with U Haar
(Belinschi, Guionnet, Huang).
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