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1 Limiting spectral measure

1.1 Method of moments for Wigner’s theorem

We consider in this section an N x N matrix XV with real or complex entries such
that (Xf}', 1<i<j< N) are independent and X% is self-adjoint; Xg\; = X%
We assume further that

Ny _ 1 NQ — =
BXN) =0, Jim | max [NE[JXNP] 1] =0. 1)

We shall show that, under some finite moments conditions on the entries, the
eigenvalues (A1, ---, A\y) of XV satisfy the almost sure convergence

1y
lim N; f(\) = / f(x)do(z) (2)

N—o0
where f is a bounded continuous function or a polynomial function. o is the

semi-circular law 1
o(dr) = 2—\/4 — 221 <odz. (3)
- <

We shall prove this convergence for polynomial functions and rely on the fact
that for all k € N, [z¥do(x) is null when k is odd and given by the Catalan
number )

1

ol T

Ck/Q = % (4)

2

_|_

when k is even.



1.1.1 Wigner’s theorem

In this section, we use the same notation for complex and for real entries since
both cases will be treated at once and yield the same result. The aim of this
section is to prove

Theorem 1.1. [Wigner’s theorem [?]] Assume that for all k € N,

By, := sup sup [|\/>XN\’“] : (5)
NeN (i,j)e{1, - ,N}2
Then,
X 0 if kis odd
kY __ 4]
) ) - { Cg otherwise, (6)

where the convergence holds in expectation and almost surely.

The Catalan number Cy, will appear here as the number of non-crossing pair
partitions of 2k elements. Namely, recall that a partition of the (ordered) set
S :={1,---,n} is a decomposition

m={V, -, V.} (7)

such that V; NV; = 0 if i # j and UV; = S. The V;,1 < i < r are called the
blocks of the partition and we say that p ~, ¢ if p, ¢ belong to the same block of
the partition 7. A partition 7 of {1,--- ,n} is said to be crossing if there exist
1<p1 <@ <p2 <g2 <nwith

D1 ~r D2 Fx Q1 ~r G2- (8)

It is non-crossing otherwise. We leave it as an exercise to the reader to prove
that Cy as given in the theorem is exactly the number of non-crossing pair
partitions of {1,2,---,2k}.

Proof. We start the proof by showing the convergence in expectation, for
which the strategy is simply to expand the trace over the matrix in terms of its
entries. We then use some (easy) combinatorics on trees to find out the main
contributing term in this expansion. The almost sure convergence is obtained by
estimating the covariance of the considered random variables and apply Borel-
Cantelli lemma..

e Ezxpanding the expectation.
Setting YV = v NX¥, we have

1 al K
E |:N Tr ((XN)k):| = - Z Nﬁ?ilE[YrilzéY’izis e Y;kH] (9)

by, ie=1

where Y;;,1 < 4,5 < N, denote the entries of Y™ (which may eventually
depend on N). We denote i = (i1, ,ix) and set

PN( ) _]ED/lﬂz}/lzlS"')/ikil]' (10)



Note that PY depends on N through Y. By (??) and Hélder’s in-
equality, P(i) is bounded uniformly by By, independently of i and N.
Since the random variables (Yj;,7 < j) are independent and centered,
P(i) equals zero unless for any pair (ip,ipt1), p € {1,- -, k}, there exists
l # p such that (ip,ip+1) = (41,%141) or (4141,%;). Here, we used the con-
vention i1 = 43. To find more precisely which set of indices contribute
to the first order in the right hand side of (??7), we next provide some
combinatorial insight into the sum over the indices.

Connected graphs and trees.

V(i) = {i1,- -+ ,ix} will be called the vertices. We identify ¢, and i), iff they
are equal. An edge is a pair (i,7) with 4,5 € {1,---, N}2. At this point,
edges are directed in the sense that we distinguish (,j) from (j,¢) when
j # i and we shall point out later when we consider undirected edges. We
denote by E(i) the collection of the k edges (ep)i_; = (ip,ips1)hi_; -

We consider the graph G(i) = (V (i), E(i)). G(i) is connected by construc-
tion. Note that G(i) may contain loops (i.e cycles, for instance edges of
type (i,1)) and multiple undirected edges.

The skeleton G(i) of G(i) is the graph G(i) = (‘7(1), E(l)) where vertices

in V(i) appear only once, edges in E(i) are undirected and appear only
once.

In other words, G (i) is the graph G(i) where multiplicities and orientation
have been erased. It is connected, as is G(i).

We now state and prove a well known inequality concerning undirected
connected graphs G = (V, E). If we let, for a discrete finite set A, |A| be
the number of its distinct elements, we have the following inequality

V| < |B|+ 1. (11)

Let us prove this inequality and that equality holds only if G is a tree at
the same time. This relation is straightforward when |V| =1 and can be
proven by induction as follows. Assume |V| = n and consider one vertex v
of V. This vertex is contained in [ edges of E which we denote (e1,--- ,e;)
and with [ > 1 by connectedness. The graph G then decomposes into
({v},{e1, - ,ei}) and r < [ undirected connected graphs (Gy,---,G;).
We denote G; = (V;, Ej), for j € {1,--- ,r}. We have

VI=1= Vil |El-1=)I|Ejl (12)
j=1 j=1



113 = 115 = 117 = 919

11 = 121

Figure 1: Figure of G(i) (in dash) versus G(i) (in bold), |E(i)| = 9,|V(i)| = 9

Applying the induction hypothesis to the graphs (G;)i<j<, gives

Vi-1 < Y (E]|+1)
i=1
|E|+r—1<|E| (13)

which proves (??). In the case where |V| = |E| + 1, we claim that G
is a tree, namely does not have a loop. In fact, for equality to hold, we
need to have equalities when performing the previous decomposition of
the graph, a decomposition which can be reproduced until all vertices
have been considered. If the graph contains a loop, the first time that we
erase a vertex of this loop when performing this decomposition, we will
create one connected component less than the number of edges we erased
and so a strict inequality occurs in the right hand side of (??) (ie. r <1).

Convergence in expectation.

Since we noticed that P(i) equals zero unless each edge in F(i) is repeated



at least twice, we have that
= 1y gy k
[EQ) <27 |EQ) = 3, (14)
and so by (??) applied to the skeleton G(i) we find

~ k
V)l < M +1 (15)
where [z] is the integer part of x. Thus, since the indices are chosen in
{1,---, N}, there are at most N5+ indices which contribute to the sum
(?7?) and so we have

1 ,
‘E [N Tr ((XN)’C)} ‘ < BNBl-3 (16)
where we used (?77?). In particular, if k is odd,
1
Jim E {N Tr ((XN)’C)} =0. (17)

If £ is even, the only indices which will contribute to the first order asymp-
totics in the sum are those such that

Vi)l =35+1, (18)

since the other indices will be such that |V (i)| < % and so will contribute at
most by a term N5BRN-5-1 = O(N~1). By the previous considerations,
when |V (i)| = £ + 1, we have that

1. G(i) is a tree,

2. |EG)| = 27V EG)| = % and so each edge in E(i) appears exactly
twice.

We can explore G(i) by following the path P of edges i1 —ia—i3 - - - —ip—11.
Since G(i) is a tree, G(i) appears as a fat tree where each edge of G(i) is
repeated exactly twice. We then see that each pair of directed edges corre-
sponding to the same undirected edge in E(i) is of the form {(i,, ip11), (ip+1,7p)}
(since otherwise the path of edges has to form a loop to return to o).
Therefore, for these indices, limy P (i) = limy EH\/NXZ];]F]g =1 does

not depend on i.

Finally, observe that G(i) gives a pair partition of the edges of the path
P (since each undirected edge has to appear exactly twice) and that this
partition is non crossing (as can be seen by unfolding the path, keeping
track of the pairing between edges by drawing an arc between paired
edges). Therefore we have proved that



1
lim E [ Tr ((XN)k)] = #{ non-crossing pair partitions of k edges }.
N —oco N
(19)
e Almost sure convergence. To prove the almost sure convergence, we

estimate the variance and then use Borel Cantelli’s lemma. The variance
is given by

2
1 1
Var((XV)) = B[ (T ()] - [ () o)
1 N
ar Y [PAE) - POPE)
e in =1
it =1
with

P( ) = ]E[}/ZN«Q}/'LQZJ. }/;kl1Y' i5 Y;Ll’l] (21)
We denote G(i,1') the graph with vertices V (i,i') = {i1,--- , ik, 35, -+ ,iL}
and edges E(i,i') = {(ip,ip+1)1<p<k (i ipy1)1<p<i}. For i,i to con-

tribute to the sum, G(i,i’) must be connected. Indeed, if E(I)NE(i’) = (),
P(i,i") = P(i)P(i’). Moreover, as before, each edge must appear at least
twice to give a non zero contribution so that |E(i,i')] < k. Therefore,
we are in the same situation as before, and if é(i, i) = (f/(i7 i), E(i7 i"))
denotes the skeleton of G(i,i'), we have the relation

V(i,i)| < |EG,i)|+1<k+1. (22)

This already shows that the variance is at most of order N~! (since
P(i,i") — P(i)P(i’) is bounded uniformly, independently of (i,i’) and N),
but we need a slightly better bound to prove the almost sure conver-
gence. To improve our bound let us show that the case where V(i,i)| =
|E(i,i)| + 1 = k41 can not occur. In this case, we have seen that G(i, ')
must be a tree since then equality holds in ("”) Also, |E(i,i)] = k im-
plies that each edge appears with multiplicity exactly equal to 2. For any
contributing set of indices i, 1, G(i,i")NG(i) and G(i, i) NG(i’) must share
at least one edge (i.e one edge must appear with multiplicity one in each
subgraph) since otherwise P(i,i’) = P(i)P(i’). This is a contradiction.
Indeed, if we explore G(i,i’) by following the path i;—ig— - - - —i;, We see
that each (non-oriented) visited edge appears twice or this path makes a
loop. The first case is impossible since G(i,i') N G(i) and G(i,i') N G(i')
share one edge and each edge of G(i,i’) has multiplicity 2, and the second
case is also impossible since G(i, 1) is a tree. Therefore, we conclude that
for all contributing indices,

V(@A) <k (23)



which implies

Var((XV)*) < poN 2 (24)

with pr a constant independent of N. Applying Chebychev’s inequality
gives for any § > 0

1 N\k 1 N\k Pk
IP(’NTr((X ))—E[NTr((X )| >0 < SNE (25)
and so Borel-Cantelli’s lemma implies

lim Hf Tr (XM)*) —E Hf Tr ((XN)’“)” =0 as. (26)

N—o00
The proof of the theorem is complete.
o

Exercise 1.2. Take for L € N, X™:F the N x N self-adjoint matriz such that
1

XZ’L = (2L) "2 1}—jj<rX4j with (Xi5,1 < i < j < N) independent centered

real random variables having all moments finite and E[ij] = 1. The purpose

of this exercise is to show that for all k € N,

lim lim E H Tr((XN’L)k)} = C/o (27)

L—oo N—oo

with Cy null if x is not an integer. Moreover, if L(N) € N is a sequence going
to infinity with N so that L(N)/N goes to zero, prove that

N—oc0

lim E “] Tr((XNvLW))’f)} = Cy/a- (28)

If L(N) = [aN], one can also prove the convergence of the moments of XN-E(N)

Show that this limit can not be given by the Catalan numbers Cy, /o by considering
the case k = 2.
Hint: Show that for k > 2

1
E {N Tr((XN’L)k)} = (2L)7F/? Z E[X(x)5, - X)) +O(NT).
lio—[¥]i<L.
lip41—ip|<L,p>2

(29)
Then prove that the contributing indices to the above sum correspond to the case
where G(0, g, -, 1) is a tree with k/2 vertices and show that being given a tree

there are approximately (2L)§ possible choices of indices ia,--- ,i.



1.2 Stieltjes transform approach for Wigner’s theorem

There is a second and very powerful approach to the study of the empirical
measure of a random matrix through its Cauchy-Stieltjes transform. It is given,
for z € C\R by

Gn(z) = % Tr(z — X))~ ! = %Zz_lA (30)

We shall see in this section how to prove law of large numbers by studying G,
and in fact by showing that it is characterized by certain fixed points equations.
The advantage of this approach is that it is well suited for more complicated
matrices as we will see next. Also it can can be extended to study the global
fluctuations of the eigenvectors. Finally, it can be refined sometimes to consider
the case where the imaginary part of z goes to zero with N. This in turn
will allow the study of more local properties of the spectrum, but also local
delocalization.

1.2.1 Stieltjes transforms and Wigner theorem

We begin by recalling some classical results concerning the Stieltjes transform
of a probability measure.

Definition 1.3. Let p be a positive, finite measure on the real line. The Stieltjes
transform of u is the function

Go(z) = /R MdT) e\ R. (31)

A

Note that for z € C\ R, both the real and imaginary parts of 1/(z — z)
are continuous bounded functions of z € R, and further |G, (z)| < u(R)/|Sz].
These crucial observations are used repeatedly in what follows.

Remark 1.4. The generating function B(z) of moments of the semicircle dis-
tribution o is closely related to its Stieltjes transform : for |z| < 1/4,

oo

B(z) = Oozk %o (z)dz = ( za? k) o(x)dx (32)
> [(Z e
1

k=0
= /71 — o(x)dx
= /;J(:v)dx: LG (1/+/2)
1 _ ,\/El‘ \/2 o b)

where the third equality uses that the support of o is the interval [—2,2], and
the fourth uses the symmetry of o. Using the fact that fxzkda(a:) = C} is the



Catalan number which satisfies the induction relation

k—1

Cr=> CiCr sy (33)
£=0
it is not hard to deduce from the above that
1 1
Go(z)—— = ;GG(Z)Q. (34)

z

Stieltjes transforms can be inverted. In particular, one has

Theorem 1.5. For any open interval I with neither endpoint on an atom of u,

1[G —ie) — Gu(X +ie)
pl) = lim— /, 2i X
1
_ s o .
= 21_% = SGu(A —ie)dA. (35)
Proof. Note first that because
. 1
SG,(—i) = /71+x2u(dx), (36)

we have that G, = 0 implies yu = 0. So assume next that G, does not vanish
identically. Then, since

2

lim yQG,(—iy) = lim

yT+o0 yitoo | 22 +y2” (dz) = p(R) (37)

by bounded convergence, we may and will assume that pu(R) = 1, i.e. that p is
a probability measure.

Let X be distributed according to u, and denote by C. a random variable,
independent of X, Cauchy distributed with parameter ¢, i.e. the law of C, has
density

edx
m(z2 +e2)
Then, G, (X — i€)/7 is nothing but the density (with respect to Lebesgue
measure) of the law of X + C. evaluated at A € R. The convergence in (??) is
then just a rewriting of the weak convergence of the law of X + C. to that of
X, as € —» 0. ©oThe main tool in the analysis of the empirical measure through
Stieltjes transform is the Schur complement formula that we present next.

(38)

Lemma 1.6. Let W be a Hermitian matriz, and let w; denote the i-th column
of W with the entry W (i,i) removed (i.e., w; is an N — 1-dimensional vector).
Let WO ¢ H%ll 5\21 being the set of N — 1 x N — 1-hermitian matrices)
denote the matrixz obtained by erasing the i-th column and row from W. Then,
for every z € C\ R,

1
z—W(i,i) —wl(zIny_1 — W®)~lw,;

(2 — W)~ (i,i) = (39)



Proof of Lemma 77 Note first that from Cramer’s rule,

_det(zIy_; — W)

In —=W)76,0) = 4
(I = W)™ i) = S (40)

Write next

_ ZIN_l - W(N) —WN
and use the matrix identity

A B A 0 1 A™'B
det(c D> = det((c D—CA—13)<0 1 ))
= det Adet(D — CA™'B) (42)

with A = 2Iy 1 — W) B = —wy, C = —wk and D = z — W(N, N) to
conclude that

det(zIn—1 — W) det [z —W(N,N) —wh(zIy_; — W)Ly

The last formula holds in the same manner with W, w; and W (i, i) replacing
W) wpy and W(N, N) respectively. Substituting in (??) completes the proof
of Lemma 77. o

With a truncation argument, we may and will assume in the sequel that
Xn(i,4) = 0 for all ¢ and that for some constant C' independent of N, it holds
that [V NXy(i,7)| < C for all i, .

Denote by XS\]?) € HS\I,) the matrix consisting of X with the kth row and
column removed. By Lemma 7?7, one gets that

1 1 & 1
-1 _
-— TI‘(Z — XN) = — E

—z—al(zIn_1 — Xg\l,))*lai

(44)
The main idea is to derive LLN from the convergence and fluctuations of
al (zIy_1 — X%))’lai.

Theorem 1.7. Assume that supy E[|[VNX|?>T¢] < oo for some ¢ > 0. Then
Gn(z) converges almost surely when N goes to infinity towards the unique so-
lution of

(45)
going to zero at infinity,

Proof. The first point in the proof is that G (z), if it converges in expec-
tation, will converge almost surely by concentration of measure.

10



1.2.2 Concentration of measure and self-averaging

Concentration of measure has played an important role in probability theory
and random matrix theory. It turns out that general results of concentration
of measure apply to this setting [?, ?]: such results demand in general strong
assumptions over the entries. We first give a concentration result due to C.
Bordenave, P. Caputo and D. Chafai which is based on Azuma-Hoeffding’s in-
equality. The proof reveals that we only require the independence of the vectors
{(Xij)j<i, 1 i< N}

Lemma 1.8. Let || f|rv be the total variation norm,

Z |f(zi) = f(@i-1)] (46)

n .

[ fllrv = sup
r1<---<x

Then, for any d > 0 and any function f with finite total variation norm so that

Bl% 2 F )] <o,

1 Y 1 Y
P(N;fui)—E[N;f(m}

where cx = 1 for Wigner’s matrices and M/N for Wishart matrices.

> 6||f||Tv> <% tx  (47)

Note that this lemma holds for real valued functions. For complex function
it can be easily extended by changing the constant 8 by 16. We will prove this
result for Wigner matrices but a quick inspection of the proof is that you mainly
need that (X;;)i<;,1 < j < N are independent, or Xy = YLYxn where Yy has
independent columns.

Remark 1.9. Note that the above speed is not optimal for laws py,vy which
have sufficiently fast decaying tails as we will see below, in which case vazl F)—

E[Zf\il FN)] is of order one. However it is the optimal rate for instance for
heavy tailed matrices where CLT holds for N—/? (Zfil fu) —E [% ZZV:I f()\l)} ) )

Remark 1.10. Note that we only required independence of the vectors of the
random matriz, rather than the entries.

Proof. Let us first recall Azuma-Hoeffding’s inequality

Lemma 1.11. (Azuma-Hoeffding’s inequality) Suppose My, k > 0 is a martin-
gale for the filtration Fy, and |My — My_1| < cx. Then for allt >0

/2
P(M, — Mo > 1) < exp{‘w}* (48)
k=1 Ck

Proof. By Tchebychev’s inequality for all A > 0

P (M, — My > t) < e ME[e* Zi=a Mu—Mi—1)] (49)

11



We first integrate conditionally to F,,_1, that is control uniformly
f) = log E[erMn=Mu-)| 7], (50)
Clearly, f(0) = f/(0) = 0 whereas

]E[(Mn - Mn—1)26>‘(M"7Mn—1) |]:n—1]

'O < B0 [ F ] <cp. (51)
Therefore, we have the uniform bound
E[*Mn—Ma-1)| £, 1] < e3¥°h (52)
and proceeding by induction we deduce
B[t Shor (Mi—Me-1)] < 3N Xh i ch (53)

Plugging back this control into (??) and taking A =t/ 7 yields the lemma.
o

We finally prove Lemma ??7 for a continuously differentiable function f, the
generalization to all functions with finite variation norm then holds by density.
We then have || f|lrv = [ |f/(z)|dz. We apply Azuma-Hoeffding’s inequality to

M, =E

1 N
¥ Zﬂwﬂ] (54)
=1

where Fy, is the filtration generated by {Xn(i,7),1 <@ < j <k} . My is a
martingale obviously and

N
1
MN_MOZNE f) —E
i=1

L

v f(Ai)] : (55)
i=1

Therefore we need to bound for each k € {1,--- , N}

My—My, = E

where in the above expectation A; (resp A;) are the eigenvalues of Zy = X (Xy, Cr, Ris1)
(resp. Zn = Xn(Xi,C, Riy1)) where X (X, C, R) is the self-adjoint matrix
with upper left k x k corner given by X = (Xn(X,C, R)); j<k, k + 1th vector
C = ()(]\]()(7 C, R))k;Jrl’jSkJrl and rest R = (XN(X, C7 R))Z» or j>k+2- In the
conditionnal expectation above we therfore take expectation over Ry; and C’k
Hence the eigenvalues A and X are the eigenvalues of two operators which have

12



a same submatrix of dimension N —1 x N — 1. Therefore the eigenvalues \;
and \; are interlaced, that is they are ordered

Nic1 <X < g (57)

If g is increasing we deduce that

N-—2 ~ N—1 N B
> g <D g <> g (58)
=1 = =3
which implies
N N ~
12908 = > 9l < 2lgllec. (59)

Decomposing f(z) — f(0) as the sum of the two increasing functions

f(a)— £(0) = / " P psody — / W pcdy (60)

shows that 5
| M, — M| < NHJC”TV (61)

which allows to conclude that for all § > 0

1 N
P(N;f(mE

The other bound is obtained by changing f into —f. oNote that
this estimate can be improved under stronger assumptions but it is optimal in
general, for instance if the entries have heavy tails. If the entries satisfy log-
Sobolev inequalities, that is there exists a finite constant ¢ such that for any
differentiable function f : RP—R we have

N 2y
}szm] za||f|Tv> = NG
i=1

f2
n(f?)

This is true for the Gaussian law, or for e~V ®)dx/Z with Hess(V) > I, or the
image (g) of Gaussian variables by a Lipschitz map. Then a general result due
to Herbst shows that

" (f2 log ) < 2eu(|VFI2).

Lemma 1.12 (Herbst). Let X; ; be independent and with laws satisfying the
log-Sobolev inequality with constant uniformly bounded by c. Let g be a Lipschitz
Sfunction. For all § >0
. . . . — 2
P (l9(Xi3,7 < 5) — Elg(Xi .4 < )] > 8|lglln) < 27

where C' depends only on c.

13



Throughout these notes, we denote the Lipschitz constant of a function G :

RM — R by
G(x) — G
Gl e s 1G@ =G
r#YyERM [z = yll2

Similar results hold for bounded entries if one recenters the random variable
with respect to its median thanks to Talagrands results:

Theorem 1.13 (Talagrand). Let K be a connected compact subset of R with
diameter |K| = sup, yc |v — y[. Consider a convex real-valued function f
defined on K. Assume that f is Lipschitz on K~ , with constant |f|z. Let P
be a probability measure on K and X1, --- ,Xn be N independent copies with
law P. Then, if My is the median of f(X1,---,Xn), for all € > 0,

2

P(f(X1, -, Xn) — My| > €) < de ™KPUIL,

These concentration statements apply to random matrices as soon as we can
show that the functions we are interested in are Lipschitz. This is for instance
the case of the eigenvalues. Indeed, thanks to Lidskii’s Theorem ?7 and for the
spectral measure

Lemma 1.14. We denote A\ (A) < A2(A) < -+ < An(A) the eigenvalues of
A e H. Then for allk € {1,--- N}, all A)B € H,

[Ae(A +B) = Ar(A)] < [[B|2-
In other words, for all k € {1,--- N},
(Aij)i<igjen € RYVTDZ o5, (4)

is Lipschitz with constant one.
For all Lipschitz functions f with Lipschitz constant |f|r, the function

N
(Aijh<icjen €EP =Y FA(A)
k=1

s Lipschitz with respect to the Fuclidean norm with a constant bounded above
by V'N|f|L. When f is continuously differentiable we have

N N

: -1 _ — !

lim ¢ <; FOw(A + B)) ka(M(M)) Tr(f'(A)B).

1

We can apply these results to Wigner matrices. For instance if its entries
satisfy log-Sobolev inequalities we have

Corollary 1.15. Let Xpn(ij),1 < i < j < N be independent, satisfying log-
Sobolev inequality with uniformly bounded constant and denote by A\ the eigen-
values of X in increasing order. Then there exists C' > 0 such that

14



e for any § > 0 any Lipschitz function fR — R

XN

o i

) — Ef Tr(f(%))]\ > 6||f|L) < 9e=C¥

e foranyd >0
P (|Ae — E[\i]| > 6) < 2679

e [or any fized unit vector u, any z € C\R

XN

P <<u, (- %

)71 = Blfu (2 = X))l > 3/195F ) < 2676

The first two statements are clear consequences of the previous lemma, the
last is by noticing that X;; — (u, f(%)u) is Lipschitz with norm bounded by

1/v/N|Imz/|?.

Another concentration of measure result which is useful concerns the case
of a determinitic matrix evaluated in the direction of a random vector. For
instance if (X;)1<i<n have sub-Gaussian tails in the sense that for all p € N*

maxE[|X,[?] < K?p?/?

and E[X;] = 0, Hanson-Wright inequalities provide exponential bounds :

. 2 t
P (|<X, AX> _ EX[XAXT” > t) < 267“1“ {K4HAII% ’ HAHKZ} (63)
where [|A[|% = 37 |Ai;]?, [[A|| = supj,,=1 [(Az, z)|. This kind of control can be
retrieved by using Herbst argument or Talagrand’s result. Indeed, it is enough
to prove it for A > 0 and then one can use that X — (XAX7)'/2 is Lipschitz
with norm ||A[|'/2. Or that X =X AXT is Lipschitz on {||X||3/N < K} with

norm 2v/ N ||A|| K, use the fact that you can extend a Lipschitz function, see [?,
section 5.4], to deduce that

P ({1(X, AX) ~ Ex{1xj3.cn XAXT]| > 5VNE[AJ} 0 {{IX /N < K) < e
One then uses again these arguments to find that since E[|| X||3] = N
P(IX]E 2 (K + )N) < e

The result follows by optimizing over the choice of K.

1.2.3 Convergence of the Stieltjes transform

We therefore from now on can prove the convergence of E[Gy(z)] instead of
Gn(z) since the function (z —.)~! has finite total variation.
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The main idea in the proof is that the convergence and fluctuations of the
term ol (2In_1 — X )) o; in terms of G will provide the convergence and
ﬂuctuatwns of Gn(z). To this end let us write

aiT(Xg\i,)—zIN 1) Zal a;(k X()—ZIN 1]k+2|a2 (X()—zIN 1) 1
Jj#k J span
=:0(z) + D(2).
(64)

We first observe that the off diagonal terms O(z) will always be neglectable

Lemma 1.16. Under the assumptions of the theorem, for all € > 0, for any
matriz C such that N1 TrCCT is bounded independently of N

i > =0.
Jim P ; a;()ai(k)Cijx| > e | =0 (65)
J

Proof. In fact, with probability going to 1 we may assume that all the A,
1 < j < N in the decomposition X = A + B are zero so that the variance of
a; can be assumed to be much smaller than N~/2. But then Tchebychev’s
inequality and independence yields

: T
P Zai(j)ai(k)cjk >e| < ?ZE i (5 v < 3y T(CCT) (66)
J#k
which proves the claim. o

We hence need only to focus on the diagonal term D(z) and consider the equa-
tion
(z—X);' = 1 o
’ Z_Zj#i|ai(j)|2(2—x(i))71_|_5N(Z)

with some eV (2) going to zero in probability with N going to infinity. Recall
that \Fal( ) belongs to L?T¢. In this case, LLN insures that

. . 7 — 1 7 _
Jim Z|ai(3)|2(xgv>—zzN,l)jjl—NZ(ng>—zIN,1)jj1 =0 as.
J J

(68)
Hence, we see that
(z - X);! = ! (69)
v z— % Tr(z — X@)=1 4 en(z)
where €7(z)" goes to zero in probability. Finally, by (??), we see that
1 - 1 2
— Tr(z =X = Tr(z - X)) < )
& Tz - XO)T - (e - X) 7 < (70)
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Therefore 1
ElGN G = —gen i

which implies, since we know that E[Gx(z)] goes to zero as Sz goes to infinity,
that

(71)

z—Vz2 -4

ElGn ()] = =

(72)

This proves the claim.

1.3 Pastur-Marchenko’s theorem and Stieltjes transform

Let Wy = +XEXy with (X(i,)) 1<isn independent centered entries with
covariance 1. To simplify we assume fﬁéy have the same distribution and are
real valued (eventhough the proofs generalized readily to complex entries and
different distributions provided they are centered and with covariance one). We
assume throughout that M/N goes to o and assume a < 1 without loss of
generality. Let iy be the spectral measure of Wy .

Theorem 1.17. Assume that the X;; have finite 2 + ¢ moment. Almost surely
[N converges towards o given by

1
2max

alde) = =——/(hs —2)(& — A_)de

where Ay = a1+ \/571)2. e 18 the unique measure with Stieltjes transform

Gua(z):%(z—i—l—a—\/(z—&—l—a)Q—élz).

We shall prove a generalization of this theorem for the matrix P x P matrix
L orr

for a deterministic N x P matrix S. Observe that the eigenvalues of V are the
same than those of the N x N matrix

1

WN:P

X nSSTXE

except for |[N — P| eigenvalues equal to zero. In particular we can replace S by
the self-adjoint N x N matrix (SS7)'/? without changing the spectrum except
for some trivial null eigenvalues. This section is inspired from Bai-Silverstein [?].
In view of the next section where we generalize our approach to questions from
statistical learning we stick with the slightly more complicated set up following
Couillet-Louart-Liao [?] which give the conbvergence of the resolvent for the
operator norm. We assume that the vectors X; = (X;;); are independent,
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centered with covariance one and such that we have the following concentration
of measure: there exists p > 1 for any deterministic matrix A

1

P (X, AX) — Ex[XAXT]| > stmax{ || ]lr, | A]}) < o>

(73)

This is slightly stronger than what we get when the X;; have moments 2 + ¢.
Finite and constant fourth moment is enough for p = 2. This is true if X have
the sub-Gaussian tails so that Hanson-Wright inequalities (??) apply. Let for
zeCt

Rn(2) = (s - Va), Ga(z) = % Tr(Ry (2)),

Theorem 1.18. Under the above assumption, assume that ® = STS is uni-
formly bounded and that P, N, M are of the same order. Then

lim Ry (2) — (2 — (L 14 2G5(2) o =0 as.
N —o00 P

where Gg is the unique solution from Ct into (1 —«a)/z + aGs(z) € C™ of

Gs(2) = Trl(z — B3 —1+2Gs() 7).

Remark 1.19. e IfS=1Id, and M/N going to o we find that G = G4 is
solution of

Gz)=(z—-14+a- azG(z))*l
yuelding

G(z):i(z—&-a—l—\/(z+a—1)2—4az)

as announced

e In [?], a precise speed of convergence of the operator norm is bounded by
N—1/2%¢ for some € > 0.

Let Gy(z) =  Tr(z — Vy)~!. First observe that the conclusion of Lemma
?? holds (has Vy is the sum of independent rank one projections since T is

diagonal), so that since |[(z —.)71||ry < ‘%%‘, we know that

1
P([Gn(z) —E[GN(2)]| 2 0o ) < e P
RE]
Hence, we need only to show the convergence E[Gx(z)] to deduce by Borel-
Cantelli Lemma the almost sure convergence of G. Moreover, notice that
G N (2) is a sequence of analytic functions which is uniformly bounded on 3z > .

Denote by Ry (z) = (z — V)~ the resolvent and write Vy = & Zf\il vlv;

with v; = (IWS),. Observe that the v; are independent. We want to approximate
E[Rn(z)] by using the decomposition



and use the identity

Ay
A N ly=—— ~ 4
(A+tov" )" T 10, AT0) (74)

with A =z — Vi, Vi, = Nzﬁéz vivj, v =v; and t = —1/N. This gives

1 1 )
—14+2zRn(2) = Rn(z (z — Vi) ol
;Pﬁ L=Vl N

(75)
Hereafter we denote by 07 = % (v7, (z = V4)~1v]) and 6, = E[+ Tr(®Rn(2))].
We will use later that 67 goes to d, by (?7?). Taking the the expectation we
deduce that if @« = M/P

2E[RN(2)] 1 Z

z:l

(z — V?V)_lviTvi]

—_

6

‘QN

M M
= El5Y s e Vi) ]+ B Y (s — 1) (e — Vi) ol
i=1 Z i—1 z z
M M
= Bl Y. Bl - VAR B Y (g — ) - V)
= 1f§z [Rn(2)]® +en(2) (76)

where we used E[v]v;] = ® and that V¥, is independent of v;. We have set :

en(z) = en(2) +ei(2)

with

1 1 = 1 1 i \—1 T
en(z) = E[fz 1_(;;‘@ (z = Vi) vy |

M 1 _
> 75 (= VR = (- V) T)e]

We will prove that the operator norm of €x(z) is small at the end of the section.
Then, solving the above equation we find that

ad

(Z_l—éz

JE[RN(2)] = I +en(2)

so that
ad

S e ()

E[Ry(2)] = (2 -
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where we noticed that d(z) < 0 implies that since ® is non-negative z — ffg

is invertible. This implies that

ElGn(2)]) = % Tr(E[Ry(2)]) = 1 Te(z — 10:(I>5z

5 )7+ ek(2)

for e}, going to zero. We finally can find that &, satisfies the approximate
implicit equation:
1 1

d, = v Tr(E[Rn(2)]®) = = Tr(P(z — «

5 )N +en(2))

P
1-46,

which shows that 0, approximately satisfies the equation

1 R 2
0, = F’I‘r(fb(z a175z> ) +ex(2)
_ 1-6, 1-9, 1 -1 2
= T ZfTr((Z a1—5z) )+ e%(2)
1-6, 1-4,

= e ZE[GN(2)] + €% (2)

Solving this linear equation yields

 —1+4+2E[GN(2)]
F —1+4a+2E[Gn(2))
Here we notice that zE[Gy(2)] — 1 = E[5Tr(Vn(z — Vi) ~!] belongs to C~ as
Vu is non-negative and hence —1 + o + zE[Gy(2)] is invertible. Therefore we
arrive to the equation on E[G y(2)]:

+e3(2).

ElGn(2)] = % Ti(z — ®(—a+ 1+ 2E[GN(2)]) 7" +en(2)

with £%(2) small if 3 Tr(en(2)?) goes to zero, and a fortiori if its operator norm
goes to zero. Hence, we see

E[Gn(2)] = ¥(z E[GN(2)]) +en(2)

as the solution of an approximate fixed point equation. Because S(zE[Gn(z)]) <
0 and ® is non-negative and bounded we find

Insuring by the implicit function theorem that for |3z|? > ||®| s there ex-
ists a unique solution Gg going to zero at infinity to the equation Gg(z) =
U(z,Gg(z)). Moreover

2]
S22

[E[GN(2)] = Gs(2)] < (1 - )" len ()
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goes to zero. This proves the convergence for large &z as wished. But then Gg,
as the limit of uniformly bounded analytic functions, is uniquely defined C* by
the above equation.

We finally show that ey is small in norm. By our assumption, we know that
|60 — &, is small uniformly with large probability.

For the first term in ey(z) we apply backward (??) to find by symmetry
over the indices that if &;(z) = % (v], (z — Viy)~1ol)

O Z 5) Ry (2ol ] = El R (2) 5 3067 — 8-

By Hanson-Wright inequality

max |6 — §,| < N~1/%+e
?

with probability greater than 1 — e~V Since the norm of S8 — 8, ) vl
is bounded by max |(§! — d,)| Zil ||lvil|3 which is at most of order N? we can
neglect what happens on the set max; |6¢ — d,] > KN~ 1/2+5. On the com-
plementary we claim that Ky(z) = Ry(2)7 > (6L — 8.)viv! is bounded by
N—1/2%¢ Indeed for any unit vector u, using Cauchy-Schwartz inequality we
find

(u, Kn (2)Kn(2)"u) =z Z 85 — 0.)(6] — 82)(u, vi) (u, v;) (vi, Ry (2) Ry (2) T vj)

IN

T Z| (u, vi)*|(u, v;)? Z vi, Ry (2) Ry () Tvi) (v, R (2) Rv (2) " v5)

IA

N‘1+26m Z<'Ui7 Ry(2)Ry(2)"v;)

o 1 _ 1 2|
- N 1+2677I\I_R R TV <N 1/24e ~ 1 id
~ DBy (2)Bn(2)" Vi) < 501t

We bound &5 by using (?7) again

E[ ((z=Vy) ™ = (z=Vn)~"

2|~
WE
0
=
%) -
M=
=
|
<
z°
SH
(4
~
|
<
z
=

ﬁ
Il
-
.
Il
-

(146 (2= V) tvwl (2 — Vi) 1o

=z~
e

:E[2

7

1

Using that (z— V) ~!)® is bounded as well as 3 Zil(l +0)((2 = Vn) ool
completes the proof.

Notice that in fact uniqueness of the fixed point equation can be proven on
the whole half plan C* by a more careful analysis.
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1.4 Applications to statistical learning

Take a model with to an input data z € R" one associates the vector o(W.x) =
(o((W;, x)))1<i<m for some weights (W;;)1<i<m . The output is 870 (W.z) Being
== 1Z5EN
given inputs x1,...,2x7 and outputs yi,...yr one wishes to find a matrix 8
minimizing
T
Y lI8To(Was) - wills +v11811%

i=1

1

T
where [|3][% = 3 87 It is not hard to see that the minimizer is given if ¥;; =
o(W;.z;) by

1 .1
T T 1y T
==M(zX' Y 1)~y
B = pE(FE B+

The mean-square error is then given by

1 2 1 1
B = ZIYT-ST8E = TR TY 0+ 55T8) %) = -0 Ty TY (457 E)

We recognize in the right hand side the resolvant of 7. Imagine for a minute
that o is linear and W;; are i.i.d. Then we are exactly in the previous configu-
ration with P with column vectors (xj)1<k<7. Because we saw in the previous
section that the resolvent is close to (%% +7)~! we can compute the asymp-
totics of E. The main point of [?] is to show that this result continues to hold
even when ¢ is non-linear under appropriate assumptions that we now state.

e The W;; are Gaussian, or image of Gaussians by Lipschitz functions (en-
tries satisfying log-Sobolev inequalities should be fine)

e o is Lipschitz
e M/N,T/N are finite

e The norm of the matrix with entries 4 (¢) is bounded , the outputs y(4)
are uniformly bounded

Then the same result holds as follows

Theorem 1.20 (Couillet-Liao-Louart [?]). Let
® = Elo(w” X)) o(w? X)]

. Then o
n
——— )T = Q| </t

||IE([T 144,

where 1
Q= (fETE +ylr)”!
if 6 is, for v > 0, the unique solution in C* of

1 o
Tr (2

_ = = —1
O = 7 Iy, T i)
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A remarkable point of this theorem is that it does depend on ¢ only through
® so that there is a kind of universality in this result. The proof is exactly
the same as before since when we expend along line we still have independence
as soon as we have the appropriate concentration of measure results. In fact,
assuming that the W;; are Gaussian, image of Gaussians by a Lipschitz function
 or satisfy Lo-Sobolev inequality, we have for all A with norm bounded by one

1272
T, o1z min(t*/tg,t)

P <’<;a(w.X)AU(wX)T - ilpTr(fbA)‘ > t) < Ce TXPIeNE

This is due to the general concentration statement that if f is Lipschitz

1P (1f(w) = E(f(w))| >t f]l2) < e

Here || f|[z = sup,,, [ f(z) — f(v)ll2/[|z — yll2- It remains to show that w —
to(w.X)Ao(wX)T is Lipschitz. But

21
VT VT

is Lipschitz only on %HO’(’UJ.X)”Q < K. But ﬁ”a(wX)Hg is Lipschitz with

1 1
|TU(w-X)AU(wX)T—TU(w’~X)A0(w’X)T| < llo(w, X) 2| X [zl w—w"]|2

constant ||o||1||X||. Hence we get

1 1
P (‘ﬁlo(wX)lb - Bl (X))

We can then use concentration conditionnally to a set (see e.g [?, section 5.4|)
to conclude. Note that similar results could be derived if the W;; would be
bounded by using Talagrand’s concentration of measures.

> 5) < e—c52T

2 Extreme eigenvalues and signal detection

Notice that the largest eigenvalue of a random matrix has to be asymptotically
larger than its the right border of the limiting spectral measure. However it
may a priori be much larger. We expect in general that matrices with enough
randomness will have eigenvalues which stick to the bulk.

2.1 Eigenvalues stick to the bulk

This was first proven for Wigner’s matrices by Kémlos and Furedi [?] by using
the methods of moments. We sketch this approach briefly as later we will prove
more precise large deviation results:

Theorem 2.1. Take (X;j)1<i<j<n be real independent, centered, with variance
one. Assume that E[ijk] < k°* for all integer numbers. Let Xy be the N x N

matrixz with entries Xij/\/ﬁ and denote by \pmaqe its largest eigenvalue. Then

m Apge = 2 a.s.
N—o0
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Proof. We have already seen that the empirical measure ux, converges almost
surely towards the semi-circle law. Since this is not possible on Apqr < 2 — €
we deduce that
liminf Ay 0p > 2 a.s
— 00

Proving the upper bound is more tricky and the method of moments gives the
easiest approach when possible. In fact we notice that

(2 4+ €)%F

= [/\Qk ]< 1

maz] < mﬂ‘:[ Tr(X3)]

P()\maac > 2+ 5) <

Assume we can show that
E[ Tr(XY)] < N4*(1 + (k°/N)¥) (77)
for some finite ¢. Then we deduce that
Plnas 2 2+€) £ N (14 (k/N)")

If k¢ << N and k > In N we see that the above right hand side goes to zero
faster than 1/N? hence yielding the announced convergence by Borel-Cantelli
lemma. The main point is hence to show (?7). We can again write

B[ T3] = o 3 ElXui, Xy
11...12k

We will show that the main order is given by indices whose corresponding graph
is a rooted planar tree for k growing to infinity sufficiently slowly. This was
shown in [?] for k <<< +/N (which is enough for us), see also [?, ?]. We provide
for completeness the proof of [?] which holds when the distribution of the entries
is symmetric P(—z € .) = P(x € .). We take the normalization E[z%] = 1. To
prove the moment estimates we shall again expand the moments and count
contributing paths, in particular estimate more precisely contributions from
paths that are not trees. Yet, the central point of the proof is to show that
these paths give a neglectable contribution. We follow the presentation of [?].

1. Moments expansion. As usual, we write

N

E[TI‘ ((XN)28>] = ]\1[5 Z E[Xioil T Xi2sfl»i0]' (78)

10, yi2s—1=1

We let E denote the set of edges of the graph, i.e the undirected collection
of couples {(ip,ip+1),p =0,---,2s — 1}. Because we assumed the law of
the X;;’s symmetric, only indices such that each edge in E appears an
even number of times will contribute. We call a closed path the sequence
P :ig—i1— - —ios_1—ig. An even path is a closed path where each
edge appears with even multiplicity; they are the only contributing paths.
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2. Descriptions of paths. We will say that the ¢ step i,_1—is of a path P
is marked if during the first ¢ steps of P, the edge {iy_1,i¢} appears an
odd number of times (note here that the ¢*" step is counted, and so a step
is marked iff the edge {is—1,4¢} appears an even number of times in the
previous step, in particular if it does not appear). The step is unmarked
otherwise. For even paths, the number of marked and unmarked edges is
equal to s. The complete set of vertices V is the collection {1,---, N} of
all possible values of the points (ix,0 < k < 2s —1). We say that a vertex
i € V belongs to the subset N}, = Nj(P) if the number of times we arrive
at ¢ via marked edges equals k. Note that no vertex of the path except ig
can belong to Ny. Moreover, N, = 0 for p > s (since there are at most s
edges). Note that if we let ny = N, since (No, - -+ ,Ns) is a partition of
V, > r—onk = N. Moreover, (N, -+ ,N;) also induces a partition of the

edges and hence
Z kni = s.
k=0

We say that P is of type (ng,ni, - ,ns) if ng = fNy = Nk (P) for all
k€ {0,---,s}. We finally say that a path is a simple even path if ig € Ny
and P is of type (N — s,s,0,---,0). Observe that in a simple even path,
each edge appears only twice (since there are at most s different edges in
P and here exactly s since there are s different vertices in N7). Also, we
see that the graph corresponding to P has exactly s vertices in Nj plus
ip € Ny and so exactly s + 1 vertices. Hence, the skeleton (V, E) of the
graph drawn by P satisfies the relation |V| = |E‘ | + 1 and hence is a tree.
The strategy of the proof will be to show that simple even paths dominate
the expectation when s = o(v/N).

3. Contribution of simple even paths. Considering (?7?), we see that for simple
even paths, E[X;., -+ Xi,._,i,] = 1. Moreover, given a simple even path,
we have N possible choices for ig, N—1 for the first new vertex encountered
when following P , N —2 for the second new vertex encountered etc. Since
we have Cs = (2s)!/s!(s+ 1)! simple even paths (see Property 77), we get
the contribution

1 (2s)! 225N
N —_NHN-1)---(N— =
Cl N ( ) ( S)S'(8+1)' o

(1+01(s,N))

where we have used Stirling’s formula and found

1< 12 1
N)=—— k+ -~ —+4+ -
or(s N) == D kot D~ gt
k=1
In the case where iy € Ny but n; = s,me = 0--- ,n, = 0, we must have

i9 € Np. This means that we have one cycle and one different vertex less
in the graph of an even path. Note that if we split the vertex iy into two
vertices, the new vertex being attached to the marked edge, then the old
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io belongs to Ny and the new vertex to N7 and we are back to the previous
setting.

There are s possibilities for the position of the marked edge incoming in i,
but we are loosing N — s possibilities to choose a different vertex. Hence,
the contribution to this term is bounded by

oY <

Bl*)Cy

where the last term comes from the possibility that one edge attached to
ip now has multiplicity 4.

. Contribution of paths that are not simple. If a path is not as in the previous
paragraph, there must be an n; > 1 for £ > 2. Let us count the number
of these paths.

Given ng,ny,--- ,ng, we have o ways to choose the values of the
vertices. Then, among the ng vertices in Ny, we have at most ng ways to

choose the vertex corresponding to ig (if ig € Ny).

Being given the values of the vertices, a path is uniquely described if we
know the order of appearance of the vertices at the marked steps, the times
when the marked steps occur and the choice of end points of the unmarked
steps. The moments of time when marked steps occur can be coded by
a Dick path by adding 4+1 when the step is marked and —1 otherwise.
Hence, there are Cs = (2s)!/s!(s + 1)! choices for the times of marked
steps. Once we are given this path, we have s marked steps. The marked
steps are partitioned into s sets corresponding to the N}, 1 < k < s, with

cardinality nik each. Hence, we have m possibilities to assign the
k=1 -

sets into which the end points of the marked steps are. Finally, we have
(ngk)!/ (k)™ ways to partition the set Ny into k copies of the same point
of Ni. So far, we have prescribed uniquely the marked steps and the set
to which they belong.

To prescribe the unmarked steps, we still have an indeterminate. In fact,
let us follow the Dick path of the marked steps till the first decreasing
part corresponding to unmarked steps. Let iy be the vertex assigned to
the last step. Then, if i, appeared only once in the past path (in the edge
(i¢—1,1¢)), we have no choice and the next vertex in the path has to be
i9_1. This is the case in particular if i, € M. If now iy, € N}, for k > 2,
the undirected step (i,,%¢) for some i, may have ocured already at most
2k times (since it could occur either as a step (ip,is) or a step (i¢,ip),
the later happening also less than £ times since it requires that a marked
step arrived at iy before). We have thus at most 2k choices now for the
next vertex; one of the ¢, among the at most 2k vertices such that the
step (ip,%¢) or (i¢,1p) were present in the past path. Once this choice has
been made, we can proceed by induction since this choice comes with the
prescription of the set N in which the vertex i, belongs. Hence, since we

26



have knj vertices in each set, we see that we have at most [[;_,(2k)*"
choices for the end points of the unmarked steps.

Coming back to (??) we see that if the path is of type (ng, -+ ,ns), entries
appear at most n times with multiplicity 2k for 1 < k < s. Thus Hélder’s
inequality gives

]E[Xioil T

125 110 HE 2k: e < H Ck kny

where we used that E[z?] = 1. This shows that the contribution of these
paths can be bounded as follows.

Enov" Ms Z E[Xioil o .Xi2sfli0]
10, tlo2s—1:P Of type(’no,”- ,ns)
1 N! (29)! s!
<

Nty ngl sl(s + D) [ (nck)!

[T Gier TLew T

k=1 k=2 k=2
N(N=1)--(ng+1) (2)! 1
< mng
Ns sl(s+ Dl ngl- - ngl
S! S
T v 1] (26k%)F
[Ti_, (ke T)mk k1;[1
2s)! s! 2
< NNN—nO—s ( 2cek kng
- s!(s+1)!n1!~~n5!kli[2( cek)

where we have used that (k)™ > (ke !)**. Since s = Y;_, kny, and
N =3, ng, we have N —ng —s = Y7 _,(1 — k)ng. Using s! < (s)*, we
obtain the bound

(25)! - 1—k
Eng. n, W H L (N'=F(2ceks)™)™
We next sum over all n; > 0 so that at least one n; > 1 fori € {2,---,s}.

This gives, with v, := N'=¥(2ceks)*,

Z Bngom. < s + 1 TP Z e —1) H e

o, ,NsMax;>o nj>1 L#k

( E>2'YlZ
(s+1 ‘ ZW

£>2

IN
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where we used that e* — 1 < ze”® for all z > 0. Note that in the range of
s where s2 < N'7¢ if we choose K big enough so that Ke > 1,

Z’yg Z N4 (2cels)*
¢ 2<<s
< NKQ2eesKNT')?+N > (2ces’N ')
K+1<(<s
< constant(N 1K?s% + N(2ceN~)5*1) < constant N ¢

goes to zero as N goes to infinity. Thus, we conclude that

> Bugm, <CCYN.
mno, " MNs

Hence, in the regime s2/N going to zero, the contribution of the indices

{ig, "+ ,i25s—1} associated with a path of type (ng, -+ ,ns) with some ny >
1 for some k > 2 is neglectable compared to the contribution of simple
even paths. o

S

It is also possible to prove that eigenvalues stick to the bulk by using Stieltjes
transform. We sketch the result of [?]:

Theorem 2.2. Assume X;; are #d centered with covariance one and finite
fourth moment. Let Xy = (Xi;)1<i<n with M/N going to o Let T,, be a M x
1<5<N

M non-negative Hermitian matriz with uniformly bounded norm and spectral
distribution converging ur. Set

1
Vy = NTA%QXNXM}V{Q

and assume that the eigenvalues of Ty stick to the bulk. Let jio 1 be the distri-
bution function with Stieltjes transform solution of

1
= / t(l1—a—azm)— zduT(t)

Let [a,b] in the complement of the support of [a,b]. Then

lim P(An eigenvalue of Vi belongs to [a,b]) =0

N—o0

Proof. The idea of the proof is to improve upon the previous arguments (which
we will not do here) to show that

1
lim sup  Ny|+ Tr((@ + iy = Vx) ™) = Gr(z +iy)| = 0
N—=00 pefa,b]y€lon 1
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with vy = N~1/68  This is indeed sufficient for our purpose since Green’s
theorem shows (see e.g [?, Proof of Lemma 5.5.5]) that

teo ov(
/\If(tocm (/ dy/ d:r,// (z,9) t))
t—x — Zy
provided ¥ is smooth, compactly supported, so that S¥(z,0) = 0 and such that
= 1
oY (z,y) = ;(am +10y)¥(x,y)

is such that |0W(z,y)|/|y| is uniformly bounded, and d¥(x,0) = 0. When
Y(z) = ¥(x,0) is C* we can even take W such that [0¥(z,y)|/|y|* is bounded
by taking ¥(x,y) = Zf:o ity (x)x(y) with y smooth, compactly supported
on [0, ¢o], equal to one in the neighborhood of the origin. Thus, if [a, b] is outside
the support of pg and 4 is smooth supported on [a, b]

Wi ) =R ([ "y [ e [ 0N (G to i) - Grto +iputan)

Cutting the integral on y € [0,vn] and [vn,co] and using that on [0,vn]
IN(Gn(x +iy) — Gr(z +iy))| < 2N/y, we get

|quwmcw/ y*tdy + o1)
0

which goes to zero as soon as vf\,N goes to zero. Since we can take ¢ non negative
and equal to one on [a+ €, b — €] we deduce that there are no eigenvalues almost
surely in [a + €,b — €] as N goes to infinity. S

2.2 BBP transition

As we have just seen, showing that eigenvalues stick to the bulk is a quite delicate
property to prove. In fact it can easily be destroyed by small perturbation, for
instance by adding a rank one perturbation. This question was studied first by
Baik-Ben Arous-Péché who studied the eigenvalues of

1
— (14 yuu®)V2X Ny XE (1 + yunT)/?

Vi =
NTN

for a unit vector v and standard Gaussian entries (Xz-j) 1<i<m . They proved
1<GEN

Theorem 2.3 (BBP transition). [?] Assume M/N goes to a < 1.

o If v < \/a, the largest eigenvalue of V), sticks to the bulk and converges
o (14 /@)% almost surely.

o If v > \/a, the largest eigenvalue of V) converges towards (1 +~)(1+ %)
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.The most general way to prove the theorem follows the following ideas. We
first look for an eigenvalue A of V}; outside the spectrum of V%,. It must satisfy

0 = det(A—VY)

1
= det(\ - NXNX%(I +yuuT))

1 1
det(\ — NXNXJTV) det(1 —y(\ — NXNXJTV)*XNXJTVWT))

Since by assumption the first term is non vanishing, we deduce that the second

must vanish which is equivalent to
1
N

1

1 =(u, (A N

XNXN) P =X v XEu)
For Gaussian entries u can be chosen uniformly distributed on the sphere since
V9 is invariant under orthogonal conjugation. Then again concentration of

measure shows that
1
(u, (N = XEXN) XL X yu) ~ N Tr((A — XEX M) 1XE X y)

This is true in greater generality and if u is deterministic and the entries of Xy
have enough moments, we expect to have such an isotropic law. . From there,
we can use the convergence of the spectral measure of VQ; to see that A must
satisfy

1 T
—_ = a = —1
5 / /\_xdu + AG(N)

The result follows by inverting A — AG(\).
By a similar argument we find that if Xy is a Wigner matrix.

Theorem 2.4. Let X% = Xy + Ouu” with a fived unit vector u. Then the
largest eigenvalue converges towards 2 if @ < 1 and towards 0 + 6071 if 6 > 1.

The proof is left to the reader. In fact, not only a strong enough finite
perturbation can be detected by outliers but also we can measure the scalar
product of the eigenvectors of these outliers with the original data [?]. We state
the result below for Wigner’s matrices but similar results hold for Wishart

Theorem 2.5. [?] Assume that v > 1 and let v be the unit eigenvector of X},
corresponding to the largest eigemvalue \; converging towards \* = v + vy~ L.
Let G be the Stieljes transform of the semi-circle law. Then

lim (u,v)* = _GY)

The proof easily follows from noticing that

Ao =X v e (A — Xn)v =yu(u,v)
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SInce v is a unit vector, this is equivalent to

()\1 — XN)il’LL
(A1 = Xn)~toll2

and hence

(u, (A — Xn)"u)?
(u, (A1 = Xn)~%u)

<U’ u>2 =

Again, one can check that since A; lies away from the eigenvalues of Xy, we

have

(u, (1 — Xoy)~Fu ~ % Tr(\ — Xy) "

for k = 1,2. The result follows.

2.3

Applications to signal detection

BBP transition phenomenon was shown to be universal in the sense that it does
not depend much on the distribution of the entries. It shows that data can be
retrieved if it is in some sense stronger than the noise

2.4

If v > \/«, signal can be detected and recovered by Principal Component
Analysis.

If v < \/a and the noise is Gaussian,

— No test based on the eigenvalues can reliably detect the signal (Mon-
tanari, Reichman, Zeitouni ’17)

— No test can reliably detect the signal (El Alaoui, Krzakala, Jordan
'18)

Generalizations

The BBP transition generalizes to X NX% +> %uzu;‘r
It generalizes to Wigner matrices.

The fluctuations around the outliers away from the bulk are Gaussian if
Xy has Gaussian entries but non universality can occur [?].

It generalizes for much more structured random matrices (see Belinschi,Bercovici,
Capitaine, Capitaine-Donati Martin

It generalizes to non-Hermitian matrices (Tao, Bordenave-Capitaine)
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3 Large deviations

We have seen in section 77 that the eigenvalues and the empirical measure of
the eigenvalues concentrate. This section deals with the question of estimating
exactly the probability of deviations and we will concentrate on Wigner matrices
even though our statements generalize to Wishart matrices. We first outline
some motivations.

3.1 Motivations from signal detection and landscape of
random functions
e Large deviations estimates can be interesting to test signal detection (see
the article by P. Bianchi, M. Debbah, M. Maida, J.Najim 11’) Assume
that the signa
Y = (E(Y:Y;))i; = 0*Id +uu”
with w = 0 under (Hp), and u # 0 under (Hy).
The Generalized Likelyhood Ratio is given by

sup,., P1(Y|u,0) e~ NTr(Y (o +tuu) 7'YT)

Ly = P(Y
N sup, Po(Yu,0) 1Y u, o) oc det(o? + tuuT)N/?

and one rejects (Hp) iff Ly > (n with Po(Ly > (n) < a. 1 = Pi(Ly <

Cn) is the power of the test. One finds that
AK

L Te(YYT)

Ly = &( )

so that the test is based on precise estimates of :

Py( A A

Ty

<(nN)

which are large deviations estimates.

e Landscape of a spiked tensor (Ben Arous,Song Mei, Andrea Montanari,
Mihai Nica [?] Let
Yy =M + Xy

with a Wigner matrix X . We would like to recover u from the observation
of Yy. We can expect (and was shown) that if A > A.(k) it is possible
to weak;y recover the signal (i.e find a vector whose scalar product with
the signal does not go to zero) by the eigenvector corresponding to the
outlier of Y whereas it is impossible if A is too small. However, the
maximum likelihood estimator requires to maximize f(o) = (Y, o®F)
over unit vectors o. This is NP-hard for k& > 3. To explore the landscape
of f, [?] analyze its volume of critical points:

Crtn,*(M; E) = Z 1<sigma,u>€JV[1f(U)€E .
o:grad f=0
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They get a formula for lim, . %log Crty, (M, E) thanks to Kac-Rice
formula which implies

E[Crty, (M, E)] :/ Vi (m)E[| det(H)[1g<01 fe 5do(0)(1 — m?)~2dm
M
where V,,(m) is the area of the (n-1) dimensional sphere with radius

(1 —m?)'/2, ¢, is the density of g at 0 where g = kAm*~1v/1 — m2e; +
v k/2ng,—1 and manly

H = k(k—=1)Am*2(1-m?)erel +/(k(k — 1)(n — 1)/2nW —k(Am?, I

1
—7
V2n
with a GOE matrix W. Using the large deviation principle of M. Maida
[?] for perturbed GOE allows to estimate the RHS.

3.2 Gaussian ensembles

In this part, we first consider the case where the entries of the matrix X~ are
Gaussian, that is the GOE. We denote Py the law of XV:8.

The main advantage of the Gaussian ensembles is that the law of the eigen-
values of these matrices is explicit and rather simple. Namely, we now discuss
the following lemma.

Lemma 3.1. Let X € Hy be random with law Py. The joint distribution of
the eigenvalues A\ (X) < --- < An(X), has density proportional to

N
2
1$1§"'§$N H |.’L‘i—$(}j|H€_£i/4. (79)
1<i<j<N i=1

The proof is standard, see e.g [?]. Let us however emphasize the ideas. It is
simply to write the decomposition X = ODO*, with the eigenvalues matrix D
that is diagonal and with real entries, and with the eigenvectors matrix O (that
is orthogonal). Suppose this map was a bijection (which it is not, at least at
the matrices X that do not possess all distinct eigenvalues) and that one can
parametrize the eigenvectors by N(N —1)/2 parameters in a smooth way (which
one cannot in general). Then, it is easy to deduce from the formula X = ODO*
that the Jacobian of this change of variables depends polynomially on the entries
of D and is of degree N(N — 1)/2 in these variables. Since the bijection must
break down when D;; = Dj; for some ¢ # j, the Jacobian must vanish on
that set. When g = 1, this imposes that the polynomial must be proportional
to H1§i<j§N<xi — x;). Further degree and symmetry considerations allow to
generalize this to 8 = 2. We refer the reader to [?] for a full proof, that shows
that the set of matrices for which the above manipulations are not permitted
has Lebesgue measure zero.

We have a similar result for Wishart matrices which gives a joint distribution
of Ay <-+- < Ay if N < M given by
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N N
Pty - dex) = (Zi) DO [N e M =m0 T Tt
i=1 i=1
Here, D(¢) = ][, <;;<n(li —¢;). Hence, we will consider the more general type
of distribution

N
PYa(dey, - dey) = (Z) ) D) e N EL VE [T e, (80)
i=1
for a continuous function V : R—R such that
liminfM >1 (81)

lz|—oo B log ||

and a positive real number f.

3.3 Large deviations for the law of the spectral measure
of Gaussian Wigner’s matrices

In this section, we consider the law of N random variables ({1, - -- ,£y) with law

When V(z) = 47822, we have seen in Lemma ?? that Pfil 22, is the
law of the eigenvalues of a N x N GOE matrix when § = 1, and of a GUE
matrix when 8 = 2. The case § = 4 corresponds to another matrix ensemble,
namely the GSE. In view of this remarks and other applications discussed in
Chapter ??7, we consider in this section the slightly more general model with
a potential V. We emphasize however that the distribution (??) precludes us
from considering random matrices with independent non Gaussian entries.

We have proved already at the beginning of these notes that the empirical

measure
1 N
i=

converges almost surely towards the semi-circular law. Moreover, we studied its
fluctuations around its mean, both by central limit theorem and by concentra-
tion inequalities. Such results did not depend much on the Gaussian nature of
the entries.

We address here a different type of question. Namely, we study the proba-
bility that Ly takes a very unlikely value. This was already considered in our
discussion of concentration inequalities, c.f. Section 7?7, where the emphasis was
put on obtaining upper bounds on the probability of deviation. In contrast, the
purpose of the analysis here is to exhibit a precise estimate on these proba-
bilities, or at least on their logarithmic asymptotics. The appropriate tool for
handling such questions is large deviations theory, and we bring in Appendix
77 a concise introduction to that theory and related definitions and references.

Endow P(R) with the usual weak topology. Our goal is to estimate the
probability P‘J/\f 5(Ly € A), for measurable sets A C P(R). Of particular interest
is the case where A does not contain the limiting distribution of L.
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Define the non-commutative entropy ¥ : P(R) — [—00, 0], as

S(u) = / / log |z — yldu(z)du(y) (2)
Set next

T T _B —C i x X o0
1y = { V@) = 8200~ I (k) < )

with ¢} = inf,emi{ [ V(z)dv(z) — 55(v)}.

Theorem 3.2. Let Ly = N1 Zfil S\~ where the random variables { AN},

are distributed according to the law P‘J/\fﬁ, see (7?). Then, the family of random
measures Ly satisfies, in P(R) equipped with the weak topology, a full large
deviation principle with good rate function Ig in the scale N?. That is, [X :
P(R) — [0,00] possesses compact level sets {v : IX(V) < M} for all M € Ry,

and
For any open set O C ml,

o1 . 84
l}\?gglofﬁ logPé\fV (Lny €0) > —%flg, (84)
and
For any closed set F' C ml,
(85)

1
limsupmlogPé\fV (Ln e F) < _iI}fIl‘f/'

N—o00

The proof of Theorem ?7 relies on the properties of the function I X collected
in Lemma ?? below. Define the logarithmic capacity of a measurable set A C R

N sy i=exp{ = nt [ [1og A av@ann |

Lemma 3.3.

S

. I} is well defined on m1 and takes its values in [0, 4oc].

b. Ig(u) is infinite as soon as p satisfies one of the following conditions

b.1 [V(z)du(x) = +oo.
b.2 There exists a set A C R of positive p mass but null logarithmic
capacity, i.e. a set A such that p(A) > 0 but y(A) = 0.

c. Ig s a good rate function.
d. I/‘; 18 a strictly convex function on ml.

e. Ig achieves its minimum value at a unique probability measure Jg on R
characterized by

V() —5/1og|y—x|dag<y) - inf (/ Vv —BZ(V)), oY as., (86)
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and, for all x except possibly on a set with null logarithmic capacity,
V(z) — B/log ly — @ldog (y) > inf (/ Vdy — 52@)) . (87)

As an immediate corollary of Theorem 7?7 and of part e. of Lemma ??7 we
have the following.

Corollary 3.4 (Second proof of Wigner’s theorem). Under P‘J/’YB’ Ly converges
almost surely towards 023/.

Proof of Lemma 77 If I};(u) < o0, since V is bounded below by assumption

(?7), () > —oo and therefore also [ Vidu < co. This proves that I};(u) is
well defined (and by definition non negative), yielding point a.
Set

1 1 8

Jlaw) = V(@) + 2V ()~ 2 logle — ] (58)
Note that f(x,y) goes to +oo when z,y do by (??). Indeed, log|z — y| <
log(|x| + 1) + log(|y| + 1) implies

fle.y) 2 3(V(@) — Blog(le] + 1) + 5(V(y) — Bloglyl +1))  (9)

as well as when z,y approach the diagonal {z = y}; for all L > 0, there exist
constants K (L) (going to infinity with L) such that

{(z,9): f(z,y) = K(L)} C B,

By ={(z,y): [v—yl <L} U{(z,y): |z| > L}U{(z,y): |yl > L}.
(90)
Since f is continuous on the compact set Bf, we conclude that f is bounded

below, and denote by > —oo a lower bound. Therefore, since for any measurable
subset A of R,

1Y (w)

//(f(w,y) = bp)dp(@)du(y) + by — cy
/ /(f(a?,y) = bp)dp(x)du(y) + by — cy
AJA

g/A/Amg |z =y tdpu(x)duly) + ig%V(x)ﬂ(A)Q — by =Y

v

Y

v

2 (AP 08(+(4))  bs] — ¢ + inf V(a)u(4)’

one concludes that if Ig(ﬂ) < 00, and A is a measurable set with p(A) > 0,
then v(A) > 0. This completes the proof of point b.
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We now show that I‘ﬂ, is a good rate function, and first that its level sets
{Ie. < M} are closed, that is that I‘e is lower semi-continuous. Indeed, by the
monotone convergence theorem,

J/l/“f(x,y)du(x)du(y)—-CX

= s [ [ () A M) du@dnty) -

M>0

1Y (1)

But fM = f A M is bounded continuous and so for M < oo,

IX’M(M) - //(f(w,y) A M)dp(z)dp(y)

is bounded continuous on m1. As a supremum of the continuous functions IX’M,
I}y is lower semi-continuous. Hence, by Theorem ??, to prove that {I} < L} is
compact, it is enough to show that {IX < L} is included in a compact subset
of m1 of the form

K. = Npex{n € ml : u([~B, B°) < e(B)}

with a sequence €(B) going to zero as B goes to infinity.
Arguing as in (?7), there exist constants K'(L) going to infinity as L goes
to infinity, such that

{(z.y): || > Lyl > L} C {(z,y) : flz,y) = K'(L)}. (91)

Hence, for any L > 0 large,

pllzl>L)? = pep(z>L,lyl>L)
< pep(flz,y) > K'(L))
< ) U@ - bduin
1
~ e b

Hence, with ¢(B) = [\/(M +cy —bs)4/\/(K'(B) —bf)4] A 1 going to zero
when B goes to infinity, one has that {I}; < M} C K.. This completes the

proof of point c.
Since I X is a good rate function, it achieves its minimal value. Let ag be a

minimizer. Then, for any signed measure 7(dx) = ¢(x)oy (dx) + ¢(x)dr with
two bounded measurable compactly supported functions (¢, 1) such that ¢ > 0
and 7(R) = 0, for € > 0 small enough, ag + e is a probability measure so that

I[‘;(ag +ev) > IX(U};)

37



which implies

[ (v -5 [1ogle - ylat 1)) avto) = 0

Taking ¥ = 0, we deduce by symmetry that there is a constant C/‘{ such that

- b’/log |x — y|dag(y) = C’X, a}; a.s., (92)

which implies that 01‘3/ is compactly supported (as V(z) — B [log |z — y|do} (y)
goes to infinity when x does). Taking ¢(z) = — [(y cly7 we then find that

~5 [ 1ogle ~ yldo () = CF (93)

Lebesgue almost surely, and then everywhere outside of the support of O'B by
continuity. By (??) and (??) we deduce that

¢y = jnt { [ V()-8 [10gle — yldo (1) (@)}

v€ml

This completes the proof of (??) and (??). The claimed uniqueness of o, and
hence the completion of the proof of part e., will then follow from the strict
convexity claim (point d. of the lemma), which we turn to next.

Note first that we can rewrite Ig as

1) =55}y + [ (V=5 [1ogle—yldo} () - €Y ) duto)

The fact that Ig is strictly convex comes from the observation that ¥ is strictly
concave, as can be checked from the formula

ogle—ol= [ g (ewiogp—ent-E5E e o

which entails that for any p € ml,

Su-}) = [ 5 ([ [ert-E5 0t — o) @t = o))t

Indeed, one may apply Fubini’s theorem when g1, o are supported in [—%, %]
since then 1 ® pa(exp{—2} — exp{f%} < 0) = 1. One then deduces the
claim for any compactly supported probability measures by scaling and finally

for all probability measures by approximations. The fact that for all ¢ > 0,

[ [ ewt-E5 - o @t - o)
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tA?
exp{— T}d)\

— \/g/_—:j '/exp{i)\x}d(u — Ug)(f) 2

2
therefore entails that ¥ is concave since pu— ‘f exp{idz}d(p — Ug)(x) is con-

vex for all £ € R. Strict convexity comes from the fact by the Cauchy-Schwarz
inequality, Z(ap+ (1 — a)v) = aX(p) + (1 — a)X(v) if and only if (v —p) =0
which implies that all the Fourier transforms of v — p are null, and hence p = v.
This completes the proof of part d and hence of the lemma. o
Proof of Theorem ?7: To begin, let us remark that with f asin (?7),

PYy(der, - dly) = (25 ) e fon ! WdLN(z)dLN(y)He V() gy,

=1

Hence, if p— fm#u f(z,y)dp(z)du(y) was a bounded continuous function, the
proof would follow from a standard Laplace method (see Theorem ?7? in the
appendix). The main point will be therefore to overcome the singularity of this
function, with the most delicate part being overcoming the singularity of the
logarithm.

Following Appendix ?? (see Corollary ?? and Definition ?7?), a full large
deviation principle can be proved by proving that exponential tightness holds,
as well as estimating the probability of small balls. We follow these steps below.

- Ezxponential tightness Observe that by Jensen’s inequality,

long,"V > Nlog/efv(m)dx

V&) qe,
2 | I 2

with some finite constant C'. Moreover, by (??) and (??), there exist constants
a > 0 and ¢ > —o0 so that

f(z,y) = alV ()| +alV(y)| + ¢

from which one concludes that for all M > 0,

N
P‘]/\jﬁ </ |V (x)|dLy > M> < 672aN2]\/I+(C7c)N2 (/ ev(aj)dm> .

Since V' goes to infinity at infinity, Ky = {p € m1: [ |V|du < M} is a compact
set for all M < oo, so that we have proved that the law of Ly under P‘J,\f 5 is
exponentially tight.

-Large deviation upper bound d will denote the Dudley metric, see (?7). We
prove here that for any p € ml, if we set p‘ﬂ\fﬂ = ZI%VP{,\”ﬁ

lim T sup 1 log Py (d(Lov, 1) < €) < / f(@,y)du(@)du(y).  (95)

=0 N0
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For any M > 0, the following bound holds

p\]/\,[ﬁ (d(LNﬂ ) < 6)

N
< / e—N2 fm;éy f(z,y)AMdL N (z)dLn(y) H er(Zi)d&..
d(Ln,u)<e i=1
Since under the product Lebesgue measure, the £;’s are almost surely distinct,
it holds that Ly ® Ly(x =y) = N~ 1, P‘J/\fﬁ almost surely. Thus, we deduce for
all M >0, with fa(x,y) = f(z,y) A M,

/ fa(z,y)dLy(z)dLy(y) = , fa(z,y)dLy(z)dLy(y) + MN ™!,

and so

pX]/\,]ﬁ (d(Ln,p) <e)

N
< QMN / e N Susle Ly @)Ly ) T e~V dg,.
d(Ly,p)

i=1

Since IX’M(V) = [ fm(z,y)dv(z)dv(y) is bounded continuous, we deduce that

IVM(

lim lim sup — N log PV,B (d(Ln,p) <e€) < ).

=0 Nooo

We finally let M go to infinity and conclude by the monotone convergence
theorem. Note that the same argument shows that

fimsup 7 log 23" <~ int [ o )du()duly). (96)

N —o0

- Large deviation lower bound. We prove here that for any p € ml

e—+0 N—oo

lmMmﬂNI%wa@mmﬁdz—/ﬂ%WWWMMW (97)

Note that we can assume without loss of generality that Ig(u) < oo, since
otherwise the bound in trivial, and so in particular, we may and will assume
that p has no atoms. We can also assume that p is compactly supported since if
we consider py = p([—M, M])"'1 ;< pdp(x), clearly pp converges towards p
and by the monotone convergence theorem, one checks that, since f is bounded
below,

A / [ y)dpn (z)dpa(y) = / f(@,y)dp(z)dp(y)

which insures that it is enough to prove the lower bound for (ppr, M € R, I};(u) <
00), and so for compactly supported probability measures with finite entropy.
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The idea is to localize the eigenvalues (\;)1<i<n in small sets and to take
advantage of the fast speed N2 of the large deviations to neglect the small
volume of these sets. To do so, we first remark that for any v € m1 with no
atoms if we set

1
1,N .
N qnf - >
T in {x|z/(} OO’xD_N—I—l}
) . ) 1
LN inf{$2$l’N| V(m,z,N)d) > N_A,_l} 1<i<N-1,

for any real number 7, there exists an integer number N(n) such that, for any

N larger than N(n),
N
1
d (l/7 N ;5ILN> <n.

In particular, for N > N($),
ang 4
Airisn [N a7 < 5 Vi€ [LN] o € {(Ai)icizn | d(Ly,v) <3}

so that we have the lower bound

Pyls (d(Ln,p) <€)
N

K3

> / 6—N2 Jootyy F(@9)dLn (z)dLn (y) H efv(’\i)dki
Nif|Xi—a®N|<g } i=1
N
_ / H |!I?i’N _ 0N T - )\j|Be—NE£V:1 V(N £A;) Hd)\z
H{INil<g}ig; i=1
> H W‘,N . xj,N|6 H W,N _ xi+1,N|§efN SN V()
i+1<g )

N
8 _ N N A=V (20N
/‘EUMK%} ‘Ei _€i+1|2e N v )]Hd)‘i
i i=1

Ai<Aip1

=: PN,l X PN,2 (98)

where we used that |z — 23N + X; — \j| > |29 — 23N v |¢; — ¢;| when
4; > 4; and bV > 23N To estimate Py 2, note that since we assumed that p
is compactly supported, the (2,1 < i < N)yen are uniformly bounded and
so by continuity of V'

lim sup sup sup |[V(z%N 4+ 2z)—V(2z"N)| = 0.
N—=oo NeEN1<i<N |z|<d
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Moreover, writing uy = #1, w41 = €11 — 45,

N N
B
//\\<d WHM Z_,_1|21_[d£ > / ) HufHdui
A <Ai_1 0<ui<3y j= i=1
d N(£+1)
> _— .
> (7aw)
Therefore,
1
— >
éﬂlm&f‘]\] log Py > 0. (99)

To handle the term Py 1, the uniform boundness of the z»™N’s and the conver-

gence of their empirical measure towards p imply that

Jm Zv N / V(2)du(z). (100)

Finally since z— log(z) increases on RT, we notice that

/ log(y — =)du(z)du(y)
N <g<y<aN:N

< Z log (27 tHN — xi’N)ﬁe[mnN,mHlvNJ locydp(z)dp(y)
1<i<j<N-—1 yeled N 2i+1,N)
1 1 N—-1
_ i, N J+1,N i+1,N i\, N
- (N+1)2;10g|33 — & |+ (N+12210g|$ — a7

Since log|z — y| is bounded when z,y are in the support of the compactly
supported measure pu, the monotone convergence theorem implies that the left
side in the last display converges towards [ [log |2z —y|du(x)dp(x). Thus, with
(??), we have proved

o ]
itz los P> [

which concludes, with (??) and (??), the proof of (?7?).
-Conclusion By (??), for all 4 € ml,

log(y — 2)du(x)duly) ~ [ V(2)du(z)

l}\r,nlnf N log Zﬁ v > hm hmlnf log PVB (d(Ly,p) <e€)

- / F(,y) () du(y)

and so optimizing with respect to p € m1 and with (??),
. 1 N ) y
N vz s v = = il / S (@ y)dp(@)dpu(y)} = —cf
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Thus, (??) and (??) imply the weak large deviation principle, i.e. that for all
©E€ml,

lim lim inf — N log PV,B (d(Ln,p) <€)

e—0 N—
_ < =_JY .
= lim hzlvnjllop N 5 log P g (d(Liv, ) <€) = —1% (n)

This, together with the exponential tightness property proved above completes
the proof of the full large deviation principle stated in Theorem ?7. o

Bibliographical Notes The proof of Theorem ?? is a slight generalization
of the techniques introduced in [?] to more general potentials.

3.4 Large deviations of the maximum eigenvalue

We here restrict ourselve to the case where V(z) = 82%/4 and denote in short
P/JI)V the law of the eigenvalues (\;)i<i<n;

1 BNA?
Pév(d)\l,~~~,d)\N):Z—N IT M=x017 ] e = axn

B 1<i<j<N 1<i<N

with

BN
Zﬂ_/ I =27 I ¢ LN,
1<i<j<N 1<i<N
Selberg (c.f. [?, Theorem 4.1.1] or [?]) found the explicit formula for Zé\' for
any 3 > 0;

N
zy (QW)%(%V) BN(N—-1)/4—X H Il:((

=1

v

)
)
The knowledge of Zév up to the second order will be crucial below, reason
why we will restrict ourselves to quadratic potentials in this section. We could
however generalize our result by using the expansion of Z é\’ that we will derive
in chapter 77.

We prove here that (this theorem is taken from [?])

(101)

@

Theorem 3.5. The mazimal eigenvalue (% = max2_; ¢; under Pév, with B > 0,
satisfies the LDP in R with speed N and the GRF

v) = { N (102)
+00,

otherwise.

The next estimate is key to the proof of Theorem ?77.

Lemma 3.6. For every M large enough and all N,

Py (ufix |t > 2) < emPNME0
1=
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Observe that for any |z| > M > 8 and ¢; € R,

2 2
: Vi 2

e 2 x
o fle™¥ < (o] + |eal)e ¥ < 2la] <o .

Therefore, integrating with respect to ¢ yields, for M > 8,

z5! 52 by [ 2 _.2\"
PGz = G [ a0 [ (-4 ) ar 62
B T2 i=2
’H\/MQZéV_1 2 a 024 2 N-1
= o ZN/|>M€_r Bdm/H('x—&le‘” e INdPY T (4,5 = 2)
B z|2 i=2
N-1
S engMQ ZgN /eixQ/Sde

B

Further, following (?7?), we compute that

lim — log =—-. (103)

It follows that for any M > 8, for N large enough,

Py (max 6] > M) < NPY(Jta] > M) < ™58,
and the lemma follows. o
Proof of Theorem 7?. I*(z) is a good rate function since it is a continuous
function (except at x = 2 where it is lower semi-continuous) and it goes to
infinity at infinity. Moreover, with I*(x) continuous and strictly increasing on
[2, 00[ it suffices to show that for any = < 2,

1

lim sup — log Pév Uy <z)=-0 (104)
N—00 N

whereas for any z > 2

lim - log Py (ty > x) = —T"(x) . (105)

N—oc0

In fact, from these two estimates and since I* increases on [2, oo[, we find that
for all x < y,

Jim = log 5’ (0 € [2,3]) = — b I'(2),
the above right hand side being equal to —oo if y < 2, to zero if x < 2 < y
and to I*(z) if x > 2. By continuity of I*, we also deduce that we have the
same limits if we take (x,y) instead of [z,y]. Since A = {[z,y], (z,y),x < y} is
a basis for the topology on R, we conclude by Theorem ?7.
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Starting with (??), fix < 2 and f € C,(R) such that f(y) =0 forall y <z
whereas [ fdo > 0. Note that {¢% <z} C {[ fdLx~ = 0}, so (??) follows by
applying the upper bound of the large deviation principle of Theorem 7?7 for the
closed set F' = {u: [ fdu = 0}, such that o ¢ F. Turning to the upper bound
in (?7), fix M > = > 2, noting that

* N " N
PY (€ > ) = P} (max |6:] > M) + Py’ (£ > @ miax |6 < M) (106)
By Lemma ?7, the first term is exponentially negligible for all M large enough.
To deal with the second term, let Py ‘(£ € -) = Pévfl((l — N~ H/2p ¢ ),
Ly.1=(N-1)"1N, d,, and
ZN-1

Oy = B (1 _N—l)N(N—l)/él.
B

Further, let B(o,d) denote an open ball in P(R) of radius d > 0 and center
o, and Bys(o,d) its intersection with P([—M, M]). Observe that for any z €
[-M,M] and p € P([-M, M]),

B(zp) = B [ loglz — yldu(y) - 52* < Slog(201)

Thus, for the second term in (?7),

M
PY (5 > o it |6 < M) < NCy / dat, /[ gy IO AR 52 )

M
< NCN </ e(N—l)SuP“EBA{(U,d) ‘P(Z,H)dz + (2M)NP]]VV71(LN,1 ¢ B(J, d)))

(107)
For any h of Lipschitz norm at most 1 and N > 2,

-1 2l —1\1/2 -1 N
(N = 1)7" > (h((1 = N~HY24) — h(ty))| < 3N max (] .

=2

Thus, by Lemma ??, the spectral measures Ly _; under 0¥ ~! are exponentially

equivalent in P(R) to the spectral measures Ly_; under P]J\\,] ~! so Theorem ??
applies also for the latter). In particular, the second term in (??) is exponentially

negligible as N — oo for any d > 0 and M < oo (since it behaves like e ~¢(DN?).
Therefore,
I Ly PN(£*> N|£\<M) < i L jogC
imsup — lo x,max |[¢;| < < limsup — lo
N—><>opN 858 N= i=1 N—)oopN sEN
+ lim  sup P(z,p)(108)
4 z€[x,M]
wEB (0,d)
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Note that ®(z, u) = inf, >0 D, (2, p) with @, (z, ) := 8 [log(]z — y| V n)du(y) —
ng continuous on [—M, M] x P([-M, M]). Thus, (z,u) — ®(z, ) is upper
semi-continuous, which implies

lim sup @(z,pu)= sup D(z,0) (109)
dy z€[z,M] z€[z,M]
pHEBwM(o,d)

With o supported on [—2,2], D(z) := d%@(z,o) exists for z > 2. Moreover,
D(z) = —B8+/(2/2)? —1 <0. It is shown in [?, Lemma 2.7] that ®(2,0) = —5/2.
Hence, for x > 2,
1
sup ®(z,0) = ®(z,0) = 5~ I*(z). (110)
z>T

By (??), we deduce that

: - B
lim N~'1 =cC.
Wi N sy =y
Combining this with (??)—(??) completes the proof of the upper bound for (??).

To prove the complementary lower bound, fix y > x > r > 2 and d > 0, noting
that for all NV,

* N
PgN Oy >z) > Pév <€1 € [;U,y],r?jg(wﬂ < 7")
v 2
= CN/ e“fl/“dﬁl/ e(N—l)@(zl,LN_l)dPJJVV_l(gj,j > 2)
@ ()N
> kCyexp ((N —1) inf (I>(z7u))P]J\¥71 (Ln-1 € B(¢11)

2€[z,y]
REB(0,d)

with k = k(z,y) > 0. Recall that the large deviation principle with speed N?
and good rate function I(-) applies for the measures Ly_; under PY~'. Tt

follows by this LDP’s upper bound that Py ~'(Lx_1 ¢ B(o,d)) — 0, whereas
by the symmetry of Pév() and the upper bound of (?77?),

Py (L & P([-r,7]) < 2Py > 1) — 0

as N — oo. Consequently,

o1 » 1 .
lim inf - log P3' (¢ > @) > 5 + 8 ot (e )
MEBr(avd)

Observe that (z,p) — ®(z, p) is continuous on [z,y] x P([-r,r]), for y > z >
r > 2. Hence, considering d | 0 followed by y | x results with the required lower
bound
liminf — lo PY(tyy > x) > §+ﬂ<1>(
Nboo N 878 N =) =75 z,0) .
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Exercise 3.7 (suggested by B. Collins). Generalize the proof to obtain the large
deviation principle for the joint law of the k" largest eigenvalues (k finite) with
good rate function given by

k
ey, o) = Y I (@)
=1

ifxy > x> xp > 2 and +oo otherwise.
Bibliographical notes This proof is taken from [?].

3.5 LDP for the largest eigenvalue with outliers and com-
plexity of spiked tensor models

Let us now consider the model of GOE matrices with noise
Yy =Xy +yuu®

for a unit vector © and a GOE matrix X. Our goal is to prove large deviations
for the law of the largest eigenvalue of this spiked model, see [?].
The distribution of the eigenvalues of Yy is given by

d]P)’]V = 67% Tr(YN?fyuuTﬂdYN/ZN

Diagonalizing Yy = Odiag(\i,...,Ax)OT with O Haar on the orthogonal
group, we find

dPY(\y,... Ay) = / e Tr(diag)—v0u(0n™* Jo A (A)dN /2

= T XMV AN (112)

where Iy is the spherical integral
Iy (diag(M),~) = /e%w“’diago‘)o")dO.
The asymptotics of
In(X,0) = % InIn(X,0)
were studied in [?] where it was proved that

Theorem 3.8. [?, Theorem 6/
If (En)Nen is a sequence of N x N real symmetric matrices such that :

o The sequence of empirical measures ﬂgN weakly converges to a compactly
supported measure L,
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o There are two reals Amin(E), Amax(E) such that imy_ oo Amin(En) = Amin(E)
and imy o0 Amax (EN) = AmaX(E)f

and 0 > 0, then :
lim Jy(En,0) = J(p, 0, Amax(E)) .
N—oo

The limit J is defined as follows. For a compactly supported probability
measure we define its Stieltjes transform G, by

Gulz) = /R Ldu(e).

z—t

We assume hereafter that p is supported on a compact [a,b]. Then G, is a
bijection from R\[a, ] to |G, (a), G, (b)[\{0} where G, (a), G, (b) are taken as the
(possibly infinite) limits of G, (t) when ¢t — a~ and ¢t — b*. We denote by K, its
inverse and let R, (z) := K, (2)—1/z be its R-transform as defined by Voiculescu
in [?] (defined on a neighborhood of the origin, but also on |G, (a), G,.(b)[). In
the sequel, for any compactly supported probability measure u, we denote by
r(p) the right edge of the support of u. In order to define the rate function, we
now introduce, for any 6 > 0, and A > r(u),

J(p, 0, A) :=0v(0, u, \) — %/log (14 6v(8, u, A) — Oy) du(y), (113)

with

_ Ru(0), 30 <0< Hulp, V) 1= limayy [ Zodp(y),
U(Q,[LL,)\) T { )\_%’ if(9>Hmax<Ma)‘)'

An easy proof of Theorem ?7 follows by first considering taht Ex has only
finitely p + m; + mo distincts eigenvalues p; with multiplicities N; and N;/N
goes to zero except for ¢ € [1,p]. We then have the following formula :

pt+ma

(e, Ene) = Z iy

t=—m1+1

where we have denoted ’)/JN = Zielj |uz|2 with L, = [N1—|—+N1_17N1—|——|—Nl]

The vector v follows a Dirichlet law of parameters g(]\fl,m17 ey Np,y oo . Nptms,),
that is the distribution on ¥ = {x € [0, 1]™Tm2+P . nyltpml x; = 1} given by
1 p+ma—1 BN pt+ma 5 ma+p—1
dPy (v) = TN H (1= Z ;) 2 Nptmo H d;
o i=1-m, i=—my j=1-m
where integration holds over y_p,,,..., Yp+m,—1 Which are non-negative and

such that > ~; < 1. We deduce the following large deviation principle
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Theorem 3.9. Assume that N;/N converges towards o; for alli € [1,p] and to
zero otherwise. The law of v € X satisfies a large deviation principle with scale
N and good rate function I, given for for x € ¥ by

p
Z log—

The proof is a direct consequence of Laplace’s method. We deduce Proposi-
tion by Varadhan’s lemma that

lim - log BN oe. B _5 0p+m2)\ 1
Jim - logE |exp ( —~0(e, Ene) | | = T sup > Z%Jrzaln—

2?1201 B=—m1+1

=

M\Q

Io(T1-my s ooy Tptms ) =

Optimizing the above in v shows that for § > 0

ptma
I(7P+mza 0) = sup { Z AiYi + Z a;ln }

521-2:01 B=—m1+1

only depends on Apip,,0 and u = %Zle ;0. It is given by

I(Vptma»0) = OAmatp + (V= Apymy)Gu(v) —Inf — /ln v —z|dp(z) — 1

where v = Ay if G(Apym,) < 0 and v = G (0) if Gu(N\pim,) > 0. Here, G,
denotes the Cauchy-Stieltjes transform G, (z) = [(z — z) *du(z).

We finally can deduce the case of continuous spectrum by approximation. It
is then not too difficult to deduce a LDP for Ap,q, under Py,

Theorem 3.10. [?] The law of Amas under Py, follows a large deviation prin-
ciple with speed N and good rate function

I(z) = I(z) = I(v,z) - inf{I(y) - 1(v, )}

The proof follows from Varadhan’s lemma after noticing that the empirical
measure of the GOE converges towards the semi-circle law sub-Exponentially:
for k > 0 small enough

P(d(fixy,0) > N") <e M

as well as the fact that the spherical integral is continuous (see [?] for details).
This large deviation principle can be extended [?] to obtain the joint large devi-
ation for the largest eigenvalue and v1(1) = (4, Umaz) if Vimae is the eigenvector
corresponding to the largest eigenvalue of Y .

Theorem 3.11. The joint law Py of (A1, |v1(1)|?) satisfies a large deviations
principle in the scale N and good rate function Ig. In other words, for any
closed set F' of R x [0, 1]

1
lim sup - log Pr((A1, lvi(1)]?) € F) < — inf 75

N—o0
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and for any open set O of R x [0,1]
o1 .
1}\r[ri,1£10f )i log Px((A1, [or(1)?) € 0) > — Holf Ig.

Moreover, Ig is a good rate function in the sense that it is non-negative and with
compact level sets. Ig is infinite outside of S = [2,400) x [0,1] and otherwise
given by Ig(x,u) = B(I(x,u) —infs{I}) where

I(z,u) =1(x)— %qu - % log |1 —u|— 221;2)3: {J(0,0(1 —u),y) — I(y)} . (114)

Here o(dx) = V4 — x%dxz /27 is the semi-circle distribution and we denote

22
@) =% = [ogle ~ yldotw).
Moreover, if Gy(z) = [(x —y)~'do(y) denote the Cauchy transform of o, we
have for n < G,(x),
1
J(Ja UB CL’) = 17727 (115)

whereas if n > G, (x),
1 1
Sona) =3 (nr—1+105T— [ogle—sidot)). (119

The second largest eigenvalue converges almost surely to the maximizer, y, of
the variational problem (?7?) defined above.

Studying the minimizers of the rate function, we have more explicit results
on the behavior of the second largest eigenvalue and the component of the
associated eigenvector along w = e; associated to a given large deviation of the
largest eigenvalue. We in particular see that when # > 1, conditionally on the
largest eigenvalue of Y being close to z, [{v1, e1)|? converges towards ug , below,
whereas if we additionally condition by |(v1,e1)|? being close to u, the second
largest eigenvalue of Y pops out of the semi-circle iff u < 1 — 1/6, and is equal

to min{f(1 — u) + ﬁ,x}.

Proposition 3.12. Conditionally on the largest eigenvalue of Y being close to
z, [(v1,e1)|? is close to the minimizer of v — Ig(x,v). Moreover, conditionally
on the largest eigenvalue of Y being close to x and |(vy,e1)|? being close to u, the
second largest eigenvalue of Y converges towards the maximizer of Ko(1—y)(y) =
J(o,0(1—u),y)—1I(y). Moreover, we have the following characterization of these
optimaizers :

o For > 1 and x > 6 +1/0: The minimum of Ig(z,.), for a given x, is

0x—+/(0x)2—462

reached at ug, =1 — 507 . The mazximizer of Kg(1—_y) pops out
of the semicircle for u < 1—1/0, and is equal to y(u) = 0(1 —u) + ﬁ.
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o Forf>1and2 <z < 0+1/0: The minimum of Iz(x,.) is reached at ug ..
The mazimizer of Ko —y) pops out of the semicircle for u <1—1/0, and
is equal to inf(y(u),x), i.e. it increases when u decreases until reaching
the value x.

e Forf <1 andx > 2: The minimum of the large deviation function Ig(z,.)
is taken at u = 0, if ug 5 s not positive, or at ug , otherwise. The latter
case corresponds to large enough values of x (x > 6+41/0). The mazimizer
of Ko1—u) sticks to two.

The proof of Theorem 77 is based on the remark that again we can compute
the joint law of (vy(1)2,\1). Indeed, the law of Yy = Xy + yuul is given by

1 N 1 N N
dPy(Y) = Zexp{—4 Tr(Y — ewa)Q} dY = — exp {— TrY? + 9<w,Yw>} dy .
N ZN 4 2

Therefore, since (w, Yw) = > A\i|v;(1)|> when w = ey, the joint law of (Aq, |v1(1)|?)
is given by

N
1 N.2, N
APy (2, 1) = ——e~ Yo7+ ¥ 02 / [T 1= — MilIn (A, 0, u)dPg_, (A dwdBy (u)
ZN i=2
(117)
where we denoted
In(\,0,u) = E[e 70 2% MO |y (1)2] (u) (118)

and E[.||v1(1)]?](u) is the expectation on {|v;(1)],4 > 2} conditionally to {|v1(1)]?
u}. dBi(u) is the distribution of |v;(1)|2. Moreover, P%_, is the positive mea-
sure given by

:ZOO

N

1

dPy_1(N) [T - Ajle™ ¥ BN [T15 <zdNi,
N-1a<i<j<N i=2

where Z%°_, is independent of x and such that P is a probability measure :

N
Zml:/ T Ih = Ale ==X T
=2

2<i<j<N

Our main goal is to estimate the density of Py when N is large and to
apply Laplace’s method. We infer from concentration inequalities that with

AN—1 _ _ 1 N
w = N-1 Zi=2 5%‘,

1 / 1 /
sup lim sup N log Py _4 (d(ﬂN_l,a) >N" ) < limsupN log PR, (d(ﬂN_l,U) >N"" )

r>2 N—oo N—o0

= —o0. (119)
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Here, d denotes the Dudley distance and ' belongs to (0, 15) (see [?, Lemma

6.1] for details). We deduce that for > 2 (the singularity of the log can be
overcome as in [?]), with probability greater than 1 —e=™¥ for all M > 0,

N—-1
H |$ _ Az| — eNflog\tfm\dU(t)Jro(N)

i=1

; (120)

i.e. we can replace the empirical distribution 4V ~! by its limit. To estimate the
other terms, we first observe that since (v;(1))1<;<n is uniformly distributed on
the sphere with radius one, we can represent (v;(1))1<;<n as

gi
vi(1) = (121)
(CN, 19l + |g1]2)1/2

with independent standard Gaussian variables g;,1 < i < N, which are real
when § = 1 and complex when 8 = 2. As a consequence, a simple change of
variables shows that the distribution B; of |v1(1)|? is the Beta-distribution

dBi(u) = Cyul/?71 (1 —u)N-DB/2=1 gy, (122)

To estimate I (), 6, u), we first determine the distribution of (Jux (1)[2, ..., |va(1)]?)
conditionally to |v1(1)|2, again by using (??). In fact, if we fix |v1(1)| and denote

gVt = (ga2,...,9n), we have

gli3 = llg™ I3 + vs ()2 lgl13

so that w; = g;/[|g™ 2,

SN=2 with radius one and

R [ 5,
v (1) = w; = /1= v (1)Pw;

lgll2

2 < i < N, follows the uniform law on the sphere

Observe that (w;)a<;<n is independent of |v1(1)|>. Hence, we conclude that

In(A0,u) = By, ysofe® P00 Zls Ailwil®) (123)

We next estimate this quantity as in Theorem ?7. Hence, all terms can be
estimated and Varadhan’s lemma holds.

3.6 Universality and non universality of LDP’s

So far we have considered large deviations for Gaussian ensembles. Let us
discuss what we know for more general entries in the set up of Wigner matrices.
Bordenave-Caputo [?] and Augeri [?] showed that if the entries have tails heavier
than Gaussian, namely such that

P(| Xy > t) o ooV
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for N and t large, then the law of the empirical measure satisfies a large deviation
but in the scale N1T%/2 whereas the largest eigenvalue satisfies a large deviation
principle in the scale N®/2. The point is that the best strategy to creat such
deviatioons is to change of order N, respectively a finite number, of entries so
that they are of order one. Large deviations for sub-Gaussians entries are still
unknown in the case of the empirical measure but recent progresses allowed to
understand better what happens for the largest eigenvalue. In [?], it was shown
that such large deviatioons are the same if the entries have “sharp’sub Gaussian
bounds that is that for all ¢

Such a bound is verified for Rademacher variables and uniformly distributed
variables. Note that the covariance is chosen to be axactly the same than for
GOE. Then

Theorem 3.13. The largest eigenvalue satisfies a large deviation principle with

good rate function
I(z) = Igog(x) = / Vy? —4dy
2

In the case where for all ¢

B
N

t

E[etXij] < 621i:j 5

2

with some A > 1 we proved with F. Augeri that this universality is not true
anymore:

Theorem 3.14. Under additional technical assumptions
o There exists B finite such that for any x > B
L 1
(%%hirnjip Nln]P’(Ml —z| <6)=—14(x)
I4 ~ 2%/2A when x—s00. The same holds with the limsup replaced by a
liminf.
o IfA<2and w—>m% log E[e*Xii] is increasing, the same results holds with
I =IgoEk for
1
vVA-1
The proof of these results uses again spherical integrals. Let us give a sketch
of the proof of Theorem 77. It uses a tilt of the measure by spherical integrals:
IN(X, 9) |)\7,“”:7I‘<5
e—N(I(a,O,x)-i—o(&))E[IN (X, 9)1‘)\m,a,m_m|<5]
efN(I(a,Q,z)Jro(é))E[IN (X, 9)}

T € [2,

+ \/H], IA(x) = IGOE(z)'

P(| Aoz — x| < 9) E[

12

IN

93



where in the second line we used the continuity of spherical integrals and their
asymptotics. We next compute the expectation of spherical integrals:

Ex(IN(X0)] = Be[[[Befev™"0eem]
1<j
1,24 2.2
< ]E[He%922 i#j Neiej}
1<
— 3NO?
where we used that the covariance is 2 on the diagonal (and one outside)
For the lower bound we notice that for £ > 0 small

“li=jifese w5
E[In(X,0)] = Ee[HEX[e\/Nz 10eie;wis]]
1<j
“li=ifese;my;
> Ee[lmax\ei\SN*U‘l*RHE[emz J0eie; LJH
1<j
297 li=j NeZe?
> E[lmaxki‘SN*l/‘l*n Heée 2 J Nej J]
1<j

= e%NQQ]P’(maX|ei| < N7H4=m)
2

where we observed in the third line that we can use the expansion of the Laplace
transform at the origin. We conclude the proof by noticing that P(max; |e;| <
N~1/4=%) goes to one since the e; are typically of order 1/v/N. Hence

.1 1
lim NlnEe[IN(X, )] = 592

N—o00

and we have the upper bound

1 1
lim sup lim sup — log P(|Apaz — 2| < 8) < =62 — I(0, 0, x)
510 Nooo N 2

Optimizing over 6 yields

1 1
lim sup lim sup — log P(|Apaz — 2| < 0) < —sup{I(c,0,z) — =6%}
510 N —o0 N >0 2

and the above RHS can be seen to be equal to Igog. To prove the lower bound
we remark that

B(Ihmas =] <8) = E[7 5 Ln e, —si<s]

e NU@OD ORI (X, 001500 —af <o)

1

7N(I(0,0,z)+%N02+0(5)) E[IN (X’ 9)1‘>‘maz_w|<5]

12

e
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and therefore it is enough to show that there exists 6 such that

E[IN(X,0)1)x,,.. —z|<s)

L inf .
VL% T Eln(X.6)
Let us notice that
N e e
E[In(X,0)1)x,,..—z|<s) _ 1 E [Ex[egﬂe,Xe)]]EX[ezm X >1Mmm7$|<6]}
E[In(X,0)] E[In(X,0)] ° Ex [ ¥00eXe)]

We shall conclude by proving that

E e%@{e,X@l .
lim inf inf x| Amazw |<5]

=1
N
N—o0 max;<; [V Neje;|[<N—1/4 Ex [eTO(e,Xe)}

provided x = 6 + %. In fact, under the tilted measure

1 N
IPO,& dX) = 5 0(e,Xe) I |d i
( ) Ex[e%lQ(e’Xe)]e :LL(:C])

X still has independent entries above the diagonal. When max;<; [V Ne;e;| <

N~ we can easily compute the mean mfj and the variance afj of the entries

under this tilted law by simply expanding the density: we find that

mf; = VN2 =ife;e;(1+0(1)), 0¥ =1+o0(1)
Hence under P%¢, Xy has approximately the law of X% = Yy + fee” where
Yy has the distribution of a standard Gaussian variable. We have seen that
the largest eigenvalue of X4, goes towards 6 + % if # > 1, which concludes the

proof if we choose 6 so that y = 6 + 4, that is 6 = (y + \/y% — 4).

3.7 Generalization

e This approach allows to get the LDP also for D 4+ Xy provided that D
has no outliers (B. Mc Kenna), to matrices with a more elaborate variance
profile (J. Husson), to the largest eigenvalue of A + UBU* (Guionnet-
Maida), it generalizes as well to the pth largest eigenvalues (JW Husson-
Guionnet).

e The LDP for the largest eigenvalue of X +~eel for non Gaussian entries
is under investigation.

e The LDP for the spectral measure for Wigner matrices with sub-Gaussian
tails is open. A partial answer was obtained for A + UBU* with U Haar
(Belinschi, Guionnet, Huang).
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